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HOLOMORPHIC AUTOMORPHISMS OF NONCOMMUTATIVE POLYBALLS 


GELU POPESCU 


Abstract. The abstract regular polyball B n , n = (rai,..., n k ) E N fc , is a noncommutative analogue of 
the scalar polyball (C ni )i x ■ • • x (C ni )i, which has been recently studied in connection with operator 
model theory, curvature invariant, and Euler characteristic. In this paper, we study free holomorphic 
functions on B n and provide analogues of several classical results from complex analysis such as: Abel 
theorem, Hadamard formula, Cauchy inequality, Schwarz lemma, and maximum principle. These results 
are used together with a class of noncommutative Berezin transforms to obtain a complete description 
of the group Aut(B n ) of all free holomorphic automorphisms of the polyball B n , which is an analogue 
of Rudin’s characterization of the holomorphic automorphisms of the polydisc, and show that 

Aut(B n ) ~ Aut((C ni )i x ••• x (C ni )i). 

If m = (mi,..., m q ) E N 9 , we show that the polyballs B n and B m are free biholomorphic equivalent if 
and only if k = q and there is a permutation a such that m a ^\ = rii for any i E {1,..., k}. This extends 
Poincare’s result that the open unit ball of C n is not biholomorphic equivalent to the polydisk D n , to 
our noncommutative setting. 

The abstract polyball B n has a universal model S := {Sjj} consisting of left creation operators 
acting on the tensor product F 2 (H ni ) (g) • • • (g) F 2 (H nk ) of full Fock spaces. The noncommutative Hardy 
algebra F£° (resp. the poly ball algebra •An ) is the weakly closed (resp. norm closed) non-selfadjoint 
algebra generated by {S^} and the identity. We prove that 

Aut^ 4 n (C* (S)) ~ AuW(A-n) ~ AuW(F^) ~ Aut(Bn), 
where Aut >/ 4 _ n (C*(S)) is the group of automorphisms of the Cuntz-Toeplitz C*-algebra C*(S) which 
leaves invariant the noncommutative poly ball algebra *A n , and Aut u (v4. n ) (resp. Aut u (F£°)) is the group 
of unitarily implemented automorphisms of the algebra •An (resp. FJJ 3 )). Moreover, we obtain formulas 
for the elements of these automorphism groups in terms of noncommutative Berezin transforms. As a 
consequence, we obtain a concrete description for the group of automorphisms of the tensor product 
Tni <8>- • • ( S>'Tn k of Cuntz-Toeplitz algebras which leave invariant the tensor product Am ®min' • '®minAn k 
of noncommutative disc algebras, which extends Voiculescu’s result when k = 1. 

We prove that the free holomorphic automorphism group Aut(B n ) is a cr-compact, locally compact 
topological group with respect to the topology induced by the metric 

:= 110 - 0II°O + II0 -1 (O) - 0- 1 (O)||, 0, Ip € Aut(B„). 

Finally, we obtain a concrete unitary projective representation of the topological group Aut(B n ) in 
terms of noncommutative Berezin kernels associated with regular polyballs. 
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Introduction 

Recently (see m , eq), we have tried to unify the multivariable operator model theory for ball¬ 
like domains and commutative polydiscs, and extend it to a more general class of noncommutative 
polydomains (which includes the regular polyballs) and use it to develop a theory of free holomorphic 
functions. What is remarkable for these polydomains is that they have universal models, in a certain 
sense, which are (weighted) creation operators acting on tensor products of full Fock spaces. The model 
theory and the free holomorphic function theory on these polydomains are related, via noncommutative 
Berezin transforms, to the study of the operator algebras generated by the universal models, as well as to 
the theory of functions in several complex variable m, [2E 126]). It is the interplay between these three 
fields that lead to a rich analytic function theory on these noncommutative polydomains. Our work on 
curvature invariant l22| and Euler characteristic |2.1] on noncommutative regular polyballs has led us to 
study the free holomorphic automorphisms of these polyballs, which is the goal of the present paper and 
continues work of Voiculescu [28], of Davidson and Pitts 0, of Helton, Klep, McCullough and Singled 
0, of Benhida and Timotin [2], [3], and of the author in [18], [19]. In a related context we mention the 
work of Muhly and Sold m, and of Power and Solel [53] . 

Throughout this paper, B(J-L) stands for the algebra of all bounded linear operators on a Hilbert 
space H. We denote by B(TL) ni x c x c B(TL ) nk , where n; S N := {1,2,...}, the set of all tuples 
X := (Xl, ..., Xk) in B(H) ni x • ■ • x B('H) nic with the property that the entries of X s := (X Sjl ,..., X StHe ) 
are commuting with the entries of X t := (X t) i,..., X t>nt ) for any s, t G {1,..., k}, s ^ t. Note that the 
operators X Sj i,..., X Si „ s are not necessarily commuting. Let n := (ni,..., Uk) and define the polyball 

P n(H) := [B{H ) ni ]i x c • • • x c [B(H) n *]i, 

where 

[B{U ) n ]i := {(X 1; ... ,X n ) G B(H) n : \\Xtff + • • • + X n X*\\ < 1}, n G N. 

If A is a positive invertible operator, we write A > 0. The regular polyball on the Hilbert space T~L is 
defined by 

B n (H) := {X G P n (H) : A x (/) > 0}, 
where the defect mapping Ax : B{'H) —> B(fH) is given by 

A x := {id - $at) o • • • o {id - , 

and i>x, ■ B{7i) —> B(fH) is the completely positive linear map defined by 

rii 

(Y) := J2 XijYXtj, Y G B(fH). 

i=i 

We call the operator Ax(d) the defect of X. Note that if k = 1, then B n ("H) coincides with the 
noncommutative unit ball [B{'H) ni ] i. We remark that the scalar representation of the the ( abstract) 
regular polyball B„ := {B n (%) : H is a Hilbert space} is B n (C) = P n (C) = (C ni )i x • • • x (C" fc )i. 

Let H ni be an rij-dimensional complex Hilbert space with orthonormal basis e \,..., e l n .. We consider 
the full Fock space of H ni defined by F 2 (H ni ) := Cl © © p>1 where is the (Hilbert) tensor 
product of p copies of H ni . Let F+ be the unital free semigroup on m generators g\,...,g l n . and the 
identity g q. Set e l a := © • • • © e*- p if a = g^ ■ ■ ■ g G F+ and e l gi := 1 G C. The length of a G F+ is 
defined by |a| := 0 if a = g^ and |a| := p if a = g^ ■ • • where j i,..., j p G {1, ..., Hi}. We define the 
left creation operator Sij acting on the Fock space F 2 {F[ ni ) by setting Sije l a := e* ia , a G F+, and the 
operator S, j- acting on the tensor product F 2 {F[ ni ) <g> • • ■ (g> F 2 (F [ nk ) by setting 

Si j :=/©■■• (g) I ©S',; ,©/©••■©/, 

i — 1 times k — i times 

where i G {1,..., k} and j G {1,..., Hi}. We introduce the noncommutative Hardy algebra F“ (resp. 
the polyball algebra A . n ) as the weakly closed (resp. norm closed) non-selfadjoint algebra generated by 
{S, j } and the identity. 




HOLOMORPHIC AUTOMORPHISMS OF NONCOMMUTATIVE POLYBALLS 


3 


We proved in [2Tj (in a more general setting) that X G B(l-l) ni x • • • x B(T~L) nk is a pure element in 
the regular polyball B n (%)“, i.e. lim^.^oo ^(J) = 0 in the weak operator topology, if and only if there 
is a Hilbert space K. and a subspace M C F 2 ( H ni ) ® ■ • • Cg> F 2 ( H nk ) ® K. invariant under each operator 
S ij ® I such that X* ■ = (S* • ® under an appropriate identification of T~L with . The fc-tuple 

S := (Si,..., Sfc), where S; := (S^i,..., Si j71i ), is an element in the regular polyball B„ {®UF\B ni )Y 
and plays the role of universal model for the abstract polyball B n := |B n (%) : H is a Hilbert space}. 

The existence of the universal model will play an important role in our paper, since it will make the 
connection between noncommutative function theory, operator algebras, and complex function theory in 
several variables. The latter is due to the fact that the joint eingenvectors for the universal model are 
parameterized by the scalar polyball (C rai )i x • • • x (C n,c )i via the Berezin transforms (see (201). 

In Section 1, we show that the regular polyball B n is a logarithmically convex complete Reinhardt 
noncommutative domain, in an appropriate sense. We provide characterizations for free holomorphic 
functions on polyballs in terms of their universal models, obtain an analogue of Abel theorem from 
complex analysis, Cauchy type inequalities for the coefficients of free holomorphic functions, and an 
analogue of Liouville’s theorem for entire functions. We prove that the largest regular polyball 7 B n , 
7 G [0,oo], which is included in the universal domain of convergence of a formal power series ip in 
indeterminates {Zi.j} and representation ip = A( a ) ® Z( a ) with A( a ) G B(K ,), is given by the relation 

(“) 

- := limsup || ^ A * a ) A ( a ) H 2(P1+ ' ' +p '“ ) , 

7 (pi,...,p*)€Z$. a . & + iAa . l=Pi 

<e{i.fe> 

where Z (a) := Zi >ai ■ ■ • Z kjCtk if (a) := (aq,..., a k ) G F+ x • • • x F+, and Z hai := Z itjl ■ • • Z iJp G F+ if 
a i = 9 i jl ---9 i jp - 

In Section 2, we prove a Schwarz type result ([26]) which states that if F : B n ("H) —> B(l~l) p is a 
bounded free holomorphic function with ||i 7 '|| 0 o < 1 and F( 0) = 0, then 

||A(X)|| <m Bn (X) < 1 and m B „(X) < ||X||, X G 

where m B is the Minkovski functional associated with the regular polyball B n . This result is used to 
prove a maximum principle for bounded free holomorphic functions on polyballs which states that if 
F : B n (%) —> B{T~i) is a bounded free holomorphic function and there exists Xo G B n ("H) such that 

||F(X)|| < ||F(X 0 )||, XGB n (H), 

then F must be a constant. The results of Section 2 will play an important role in the next sections. 

In Section 3, we give a complete description of the free holomorphic automorphisms of the polyball 
B n (see Theorem 13.fill , which extends Rudin’s characterization of the holomorphic automorphisms of the 
polydisc [25], and prove some of their basic properties (see Theorem 13.91) . We also present an analogue of 
Poincare’s result [8], that the open unit ball of C n is not biholomorphic equivalent to the polydisk B n , for 
noncommutative regular polyballs. More precisely, if n = (m,..., n k ) G N fc and m = (mi,..., m q ) G N 9 , 
we show that there is a biholomorphic map between the polyballs B n and B m if and only if k = q and 
there is a permutation a of the set {1,..., k} such that m cr (p = n* for any i G {1,..., &}. Moreover, any 
free biholomorphic function F : B n —> B m is up to a permutation of (mi,... ,m k ) an automorphism of 
the noncommutative regular polyball B n . This resembles the classical result of Ligocka [9] and Tsyganov 
m concerning biholomorphic automorphisms of product spaces with nice boundaries. The results of this 
section are used to show that 


Aut(B n ) ~ Aut((C ni )i x • • • x (C” fc )i). 


More precisely, we prove that the map A defined by 

A(¥)(z) := , S A]) z € (C ni )i x ■ ■ • x (C^)i, 


is a group isomorphism, where ^ := SOT- linv^i \&(rS) is the boundary function of = (\Ri,..., ilr) G 
Aut(B n ) with respect to the universal model S, and ft z is the noncommutative Berezin transform at z. 
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In Section 4, we prove that any automorphism T of the Cuntz-Toeplitz C*-algebra C*(S), generated 
by the universal model S = {Sjj}, which leaves invariant the noncommutative polyball algebra A n , i.e. 
r(«4. n ) = A-n , has the form 


r(fl) := B xi [g\ = K^[g ® I v .} Kt, g g C*(S), 

where 4^ € Aut(B n ) and B^ is the noncommutative Berezin transform at the boundary function 4q In 
this case, the noncommutative Berezin kernel is a unitary operator and T is a unitarily implemented 
automorphism of C*(S). Moreover, we have 

AuU n (C*(S)) ~ Aut(B n ), 

where Aut^. n (C'*(S)) is the group of automorphisms of C*{ S) which leave invariant the noncommutative 
polyball algebra A As a consequence, we obtain a concrete description for the group of automorphisms 
of the tensor product T ni ® ® T nk of Cuntz-Toeplitz algebras which leave invariant the tensor product 

A n i of noncommutative disc algebras, which extends Voiculescu’s result when k = 1. In 

particular, each holomorphic automorphism of the regular polyball B n induces an automorphism of the 
tensor product of Cuntz algebras O ni ® ■ • • <8> O nk which leaves invariant the non-self-adjoint subalgebra 
An k §Qmin * ' * ®min An k ■ 

In Section 5, we prove that any unitarily implemented automorphism of the noncommutative polyball 
algebra A n (resp. the noncommutative Hardy algebra F“) is the Berezin transform of a boundary function 
41, where 4> £ Aut(B n ). Moreover, we have 

Aut„(Ai) ^ Aut„(F~) ~ Aut(B n ). 

When k = 1, we recover some of the results obtained by Davidson and Pitts 6 ] and the author fl 8 i . 
Let -ff°°(B n ) be the Hardy algebra of all bounded free holomorphic functions on the regular polyball. 
If A : H°°( B n ) is a unital algebraic homomorphism, it induces a unique homomorphism 

A : F“ —> F“ such that A B = BA, where B is the noncommutative Berezin transform. We prove that 
A is a unitarily implemented automorphism of F ^ 3 if and only if there is ip £ Aut(B n ) such that 

A(f)=fo<p, f £ H°°(B n ). 

A similar result holds for the algebra A(B n ) of all bounded free holomorphic functions on B n {T~L) with 
continuous extension to B n (T~l)~■ 

In Section 6 , we prove that the free holomorphic automorphism group Aut(B n ) is a u-compact, locally 
compact topological group with respect to the topology induced by the metric 

dB„(<£, VO : = V’lloo + ||V> _ 1 (0)-V’“ 1 (0)||, G Aut(B n ). 

We also show that if n = (m,... ,nk) £ N fc , then the free holomorphic automorphism group Aut(B n ) 
has card(S) path connected components, where 

Yj := {(T £ Sfc ‘ [jla{ 1 ) i ■ • • i (k) ) = (^ 1 1 * • * ) 

and Sk is the symmetric group on the set {1,..., k}. We mention that a map 7 r : Aut(B n ) —> 1A(1C), 

where U(K.) is the unitary group on the Hilbert space /C, is called (unitary) projective representation if 
7 j{id) = /, 

7 r($) 7 r( 4 >) = o 4 >), #, 4 / £ Aut(B n ), 

where C(^,is a complex number with |c($, , ® , )| = 1, and the map Aut(B n ) 9 $ ^ ( 7 t( 4 ?)£,t 7 ) £ C is 

continuous for each £,77 £ 1C. Using the structure of the free holomorphic automorphisms of the regular 
polyball B n , we conclude Section 6 by providing a concrete unitary projective representation of the 
topological group Aut(B n ), with respect to the metric dB n) in terms of noncommutative Berezin kernels 
associated with regular polyballs. 

We mention that the techniques of the present paper will be used in a future one to study the structure 
of the automorphism groups associated with certain classes of noncommutative varieties in polyballs, 
including the case of commutative operatorial polyballs. We also expect some of our results to extend to 
more general noncommutative polydomains ( [ 20 ] . [ 21 ]). 
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1. NONCOMMUTATIVE POLYBALLS AND FREE HOLOMORPHIC FUNCTIONS 


In this section, we show that the regular polyball B n is a logarithmically convex complete Reinhardt 
noncommutative domain. We study free holomorphic functions on regular polyballs and provide analogues 
of several classical results from complex analysis such as: Abel theorem, Hadamard formula, Cauchy 
inequality, and Liouville theorem for entire functions. 

First, we introduce a class of noncommutative Berezin transforms associated with regular polyballs. Let 
X = (Ad,..., A k) £ B n (%)“ with A,; := (A^i,..., AWe use the notation X itCti := X i j 1 ■ • • Aif 
a i = d] 1 ''' 9j p € F+ an d Aj s i := I. The noncommutative Berezin kernel associated with any element 
X in the noncommutative polyball B n (TL)~ is the operator 

K x : H -)■ F 2 (H ni ) 0 ■ • • ® F 2 (H nk ) ® A X (/)(W) 


defined by 

K x h := e \ ® ‘'■ ® 4 ® A xW 1/2 Ai*, ft • • • X* kA h. 

PiEV£.,i=l,...,k 

A very important property of the Berezin kernel is that KxA* - = (S* • (g) I) K x for any i £ {1,..., k} 
and j £ {1,..., ni}. The Berezin transform at X £ B n (H) is the map Bx : B(®!? =1 F 2 (H ni )) —> B(H) 
defined by 

Bx[ff] := K^(. 9 ®/ h )Kx, g £ B(^ =1 F 2 (H r ,J). 

If g is in the C'*-algebra generated by Sj,i,..., Sj, ni) we define the Berezin transform at A £ B n (H) _ , 
by 

Bx[ff] := lim K* x (<? <g> 7^)K rX , g £ C7*(S), 

1 —y 1 

where the limit is in the operator norm topology. In this case, the Berezin transform at A is a unital 
completely positive linear map such that 


Bx(S (a) S^) = X (a) X* /3) , (a), 08) € F+ x ■ ■ ■ x F+, 


where S (a) := Si, ai • • • S fe)Qfc if (a) := (au,..., a k ) £ F+ x • ■ ■ x F+ fc . 

The Berezin transform will play an important role in this paper. More properties concerning non¬ 
commutative Berezin transforms and multivariable operator theory on noncommutative balls and poly¬ 
domains, can be found in .16], [173, 03; [20], and [21] . For basic results on completely positive (resp. 
bounded) maps we refer the reader to [H] and [L2]. 

In what follows, we present some properties of the regular polyballs. Our first observation is that, in 
general, the inclusion B n (H) C P n (%) is strict. Indeed, consider the particular case m = ■ ■ ■ = nk = 1. 

Let M be a Hilbert space, T~L = M © M, and T) := ( ^ jj j, i £ {!,..., k}, where A, £ B(M) and 


||Aj|| < 1. It is clear that T{T S = T s Ti for i, s £ {1,..., k}. and A T = [q j _ _ A k A*J ' 

Consequently, T = (Tf,..., T k ) £ B( 1) ... il )(H) if and only if ||AiA{ H- \-A k A* k \\ < 1. This clearly proves 

our assertion. On the other hand, note that there is r £ (0,1) such that rP„(H) C B n ("H). Moreover, 
due to Proposition 1.3 from [211, one can easily see that [B('H) ni+ "' +nk ]i C B n (fH). 

If z = (zi,...,Zfc), where z* = (z^i,..., z^ ni ) £ C ni , and X := (Xi,...,Xfc) is in the cartesian 
product B(H) ni x • ■ • x B(B) nk with X, = (Xjp,...,Xj iTH ), we denote zX := (ziXi,..., z^X*,), where 
ZjXi := (zi A X it i,... ,Zi t kX itni ). If r := (n,..., r k ), r* > 0, we set rX := (riXi,..., r fc X fc ). When 
r £ R + , the notation rX is clear. 


Lemma 1.1. If A* £ IB), i £ {l,...,fc}, and S = (Si,...,Sfc) is the universal model for the regular 
polyball B“, then 

k 

(id - $A lSl r o... o (^ - > na - w 2 ) Pi/ - 

2=1 

If Z = (zi,..., z k ), where z t ■., z^ ni ) £ B n \ then 

N-$ ZlSi r o...o(id-<S> ZkSk ) Pk (I) > (id-$ Si y k o...o(id-$ Sk y k (I), Vl £ {0,1}. 
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Proof. We recall that two operators A, B £ B(TL) are called doubly commuting if AB = BA and AB* = 
B*A. Since the entries of S; are doubly commuting with the entries of St, whenever i,t £ {1,..., fc}, 
i ^ f, we have 

k 

{id - $ AlSl r o • • • o {id- <t>x kSk y*{i) = na - 

i=l 

Taking into account that / — ‘fWs.C-O > (1 — |A,| 2 )/, the first inequality follows. Similarly, using the 
inequality I — <k Zi Si(-0 > I — $Si{I), one can deduce the second inequality. □ 

Definition 1.2. Let G be a subset of B(TL) ni x ••• x B(TL) nk . 

_ Yi ^ —|—... _ j_ i / 

(i) G is a complete Reinhardt set if zX £ G for any X £ G and z £ D 

(ii) G is a logarithmically convex set if 

{(log ||Xr||,...,log \\X k \\) : (X u ...,X k )£ G, W ^ 0} 
is a convex subset of . 

Proposition 1.3. The following properties hold: 

(i) The regular polyball B n {TL) is relatively open in B(TL) ni x c ■ ■ • x c B(TL) nk , and its closure in the 
operator norm topology satisfies the relation 

B a {H)~ = {X e B{TC) ni x c • ■ ■ x c B{H) nk : A£ (I) > 0 for p = ( Pl ,... , Pk ) with Pi £ {0,1}} , 

where := {id — $Xi) Pl ° ■ ■ • o {id — &x k ) Pk and {id — 'hxj 0 := id. 

(ii) B n {TL) is a complete Reinhardt domain such that 

Bn (H)= (J zB n {n)= (J zB n {H)~ = (J zB n (H). 

z gD n i + '"+ n fc z£B“H kn k zeD niH 

and 

B n (H)= U rB "(«) = U 

0<r<l 0<r<l 

(iii) B n (H)~ is a complete Reinhardt set and 

B„(«)-= U zBn(H)-= (J rB n {U)~. 

ze l" 1+ ' +nfe 0<r<l 

Proof. If X = (Xi,..., Xk) £ B a (H), then there is c > 0 such that Ax(I) > cl. Given d £ (0, c), there 
is e > 0 such that —dl < Ay(/) — Ax(/) < dl for any Y = (Yi,..., Y k ) £ B(H) ni x c • • • x c B(TL) nk 
with maxtg^ ||Xj — 1}|| < e. Consequently, we have 

A Y (I) = (A Y (J) - A x (/)) + A X (I) >{c- d)I > 0, 

which proves that B n (TL) is relatively open in B(Tl) ni x c x c B{TL) nk with respect to the product 
topology. To prove the second part of item (i), set 

V:={X£ B{H) ni x c ---x c B{H) nk : A£ (/) > 0 for p = (pi,... ,p k ) with Pi £ {0,1}} . 

We shall prove that B n {TL)~ = T>. Since B n (%) is open, if X G B n (%), then there is r £ [0,1) such that 
^X £ B n {'H). Applying the Berezin transform at {X to the first inequality of Lemma ll.il when \ = r , 
we deduce that 

k 

A P (J) = {id - $ Xl ) Pl o-.-o (id- $x k ) Pk {I) > n y-r 2 ) Pi I. 

*—l 

Hence, if Y £ B n (%) - , a limiting process implies that Ay(J) > 0 for any p = (pi, ■ ■ ■ ,p k ) with 
Pi £ {0,1}. Therefore, B n (TL)~ C V. To prove the reverse inequality, let Y = (Y[,... ,Y k ) £ V. In 
particular, we have ||rYi|| < 1 for any r £ [0,1). Due to Lemma 1 1.1 1 and using the Berezin transform at 
Y, we have A r y (I) > (1 — r 2 ) k I, which shows that rY £ B n (H). Since rY —> Y, as r —> 1, we conclude 
that V C B n (%) _ , which proves item (i). 
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_ j 1 1 ~f~''' — (~ 77. fa 

If z G D and T € B n ("H), then applying the Berezin transform at T to the second inequality 

of Lemma [HU we obtain A£ T (J) > A£(/) 0 for any p — {pi, • • • iPk) with pi G {0,1}. Consequently, 

we have 

zB n (H) CB„(H), zer + " 4 "‘, 

which shows that B n (B) is a complete Reinhardt domain and B n ('H) = U zg jj n i+ ■+ n k zB n (%). 

Let T G B n (77)~ and z G D" 1 ' 1 *~ nk . Then there is r G (0,1) such that ^z G D" 1-1 Applying 

the Berezin transform at ?’T to the first inequality of Lemma 11.11 when Ai = ■ • ■ = A* = r, we deduce 
that rT G B n (%). Therefore, zT G ^zB n (%) G B„(%), which shows that 

( 1 . 1 ) zB n (H)~ C B a (H), zgD" 1+ -+"‘. 

Since B n (H) is open, for any X G B n (%), there is r G (0,1) such that X G rB n (%). Consequently, 

(1.2) B n (H)C (J rB n (H)C |J zB n (H)C (J zB n (H)“ 

0<r<l z£D n i + "'+ n fc z£D"H h ”fe 

and 

(1.3) B n (H)C (J rB n (H)c (J rB n (H)-. 

0<r<l 0<r<l 

The relations (ED and ED show that the first sequence of equalities in (ii) holds. Due to relation ed, 
for each r G [0,1), we have rB n ("H) C B n (77) which together with relation and (11.011 show that the 
second sequence of equalities in item (ii) holds. Now, one can easily see that item (iii) follows immediately 
from (ii). The proof is complete. □ 

We remark that if r := (n,..., r*,), r* > 0, then we also have B a (H) = Uo<r <i r B n (%)“. Note also 
that the regular polyball B n {B) is a logarithmically convex complete Reinhardt domain. 

For each i G {1,..., fc}, let Zi := (Z^i ,..., Zi^ ni ) be an rij-tuple of noncommuting indeterminates and 
assume that, for any p,q G (1 ,,k}, p q, the entries in Z p are commuting with the entries in Z q . We 
set Zi )0ii := Zij 1 ■ ■ ■ Zij p if a* G F+ and a* = g l j ± • ■ ■ g) p , and Z i g i := 1, where gh is the identity in FA. 
Given A ( aij ..., Qfc ) G B(JC) with (or,..., a k ) G F+ x x • • • x F+ fc , we consider formal power series 

^P ^ 0 Zi\ ,q, 1 * • * Zk ^ afs , G B{} C), 

aieF+ 1 ,...,Q fe eFi' fc 

in ideterminates Z iy j. Denoting (a) := (ai,... ,ak) G F+ x x ••• x F+ fc , Z( a ) := Zi iCei • • ■ Z ky a k , and 
A( a ) := A( ai) ..., afc ), we can also use the abbreviation p = A( a ) ® 

(a) 

The next result is an analogue of Abel theorem from complex analysis in our noncommutative multi¬ 
variable setting. 

Theorem 1.4. If p = ^ ^(«) ® ^(a) a formal power series and r = (r \,..., r*,), 

(Pl,-..,Pfc)€ Z + 

ie{i.fc> 

r* > 0, t/ieir f/ie following statements hold. 

(i) If the set 

A.:= {\\rl P1 ■■■rl Pk ^ A* {a) A {a) \\ : ( Pl ,... ,p k ) e Z*_} 

a i^ F n i >\ a i\=Pi 

i£{l.fc> 

is bounded, then the series 

X! ii ^(«) ®^(“)ii 

(pi,...,Pfc)GZ^ a* elF+^l <**!=?* 

. *} 

is convergent in rB n (H), t/ie regular polyball of polyradius r = (n,... ,rk), and uniformly con¬ 
vergent on sBn('H) - /or any s = (si,..., s*,) with 0 < Si < ri. 
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(ii) If the set A is unbounded, then the series 

E ii E A( a ) 0 X( a )|| and E E -4(a) 0 -X’(a) 

(pi>---,Pfc)£ z + «i£ F «j>il=K (pi,---,Pfc)€Z£ cjeF+j.lci^Pi 

ie{i,...,fe} »e{i.fc} 

are divergent for some X G rB n (7f)~ and some Hilbert space H. 


Proof. Let ,s, < r,, i G {1,..., fc}, and X G rB n ("H), and assume that there is C > 0 such that 

r 2p 

1 k 


\r 2pi ■ ■ ■rt Pk Y, i (a) 4 wH< G . (pi,...,p fc )GZ*. 




Due to the von Neumann type inequality m , we have 

II E A«) ® A '(«)ll < II E s l‘ ••• s r yl (a) <»0(a)l 

’\ a i\ = Pi 




»e{i.fe> 


_ _Pi „PfeI 


E aUAmW 1 ' 2 


i e F n„- »|ot* l=a»* 


< 


Pi 


Pk 

c l/2 


for any X G sB n (%) . On the other hand, due to Proposition ! 1.31 we have rB n (7t) = IJo<« <r s ^n{T~l) ■ 
Now, one can easily complete the proof of part (i). 

To prove (ii), assume that the set A is unbounded. Then, using the fact that the isometries S( a ), with 
(a) = (ai,...,a fc ) G F+ x • • • x F+ fe , | a,i | = Pi, have orthogonal ranges, one can easily deduce that the 
series 

E ii E A«) < 8 )r i 1 ■■• r f s («)ii 

(pi,...,p fc )6 z + 


*e{i.fc} 


and 


E E A ia) ^r p ^..^S t 


‘ ' ‘ T k °(a) 


(pi,-..,pfe)ez|; c.jeF+ ,io i i= Pi 


ie{i,...,fc> 


are divergent, and rS := (riSi,... ,r fe S fe ) G rB n (0^L 1 F 2 (H ni ))~ 


□ 


Definition 1.5. A power series <p = A( a ) 0 is called free holomorphic function (with coefficients 

(«) 

m B(1C)) on the abstract polyball pB n := {pB n ("H) : H. is a Hilbert space}, p = (p,,... ,Pk), Pi > 0, if 
the series 

<p(X):= Y E Aa)®^(a) 

(Pl,...,Pfe)6Z^ a 4 GF+ t ,| 

»e{i.*} 

is convergent in the operator norm topology for any X = {Xij} G pB n (%) with i G {l,...,fe} and 
j G {l,...,rii}, and an?/ Hilbert space H. We denote by Hol{pG n ) the set of all free holomorphic 
functions on pB n with scalar coefficients. 


Using Theorem ll.41 one can easily deduce the following characterization for free holomorphic functions 
on regular polyballs. 

Corollary 1.6. Let S be the universal model associated with the abstract regular polyball B n . A formal 
power series p = X] j 4(a)0-^(a) * s a f ree holomorphic function (with coefficients in B(K,)) on the abstract 

(a) 

polyball pB n , where p = (pi,..., pk), p% > 0, if and only if the series 

E II E ^(a)®r? 1 ---rE fc S(a)|| 

(Pl,---,Pfc)eZ* a i &+ i ,\a i \=p i 
i6{l. k} 
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converges for any r, £ [0 ,pi), i £ {1,..., k}. 


Throughout the paper, we say that the abstract polyball B n or a free holomorphic function F on B n 
has a certain property, if the property holds for any Hilbert space representation of B n and F, respectively. 
We remark that the coefficients of a free holomorphic function on a polyball are uniquely determined 
by its representation on an infinite dimensional Hilbert space. Indeed, assume that F = ^2 A(a) ® -Z( a ), 

(a) 

A( a ) £ /C, is a free holomorphic function with F(r S) = 0 for any r £ [0,1). Then, for any x,y £ /C, we 
have 


(F(rS)Or ® 1), (y ® S (a) l) = r -l«xl+-+l«ibl (A {a) x,y) = 0 
for any (a) = (aq,..., a*) £ F+ x x • • • x F+ fc . Hence = 0, which proves our assertion. 

Corollary 1.7. If ip = ^2 a (a) ® Z( a ), a( a ) £ C is a free holomorphic function on the abstract polyball 

(a) 

pB n , p = (pi,..., pk), then its representation on C, i.e. 

cp(Ai, . . . , A k ) 'y ' ^(a) ® A( a ), A i — (A^i, . . . , Xi jUi ), 

(a) 

is a holomorphic function on the scalar polyball pP n (C) = (C ni ) pi x • • • x ( <C nk ) Pk 


In what follows, we obtain Cauchy type inequalities for the coefficients of free holomorphic functions 
on regular polyballs. 

Theorem 1.8. Let F : pB n ("H) —» B(f C) (& m in B(H) be a free holomorphic function with representation 

f &) = E E 

(pi.--->Pk)€Z$. c i eF+.,|c, i |=p i 

ie{l.■•■.*} 

Let r = (n,... ,rk) be such that 0 < r, < pi and define M( r) := sup XgrBri(W )- ||F(X)||. Then, for each 
(pi,---,Pk) G %+, we have 


T 


A U\.)W 1,a <3T 


JPk 


M( r). 


*e{i 


Moreover, M( r) = ||F(rS)||, where S is the universal model of the regular polyball B n . 


Proof. Using the fact that the isometries S( Q ), with (a) = (aq,..., a*,) £ F+ x • • • x F+ , |aq| = pi , have 
orthogonal ranges, we deduce that 


> eF ' 

»e{i 


E 

,+ 


A? 


\ a i\=Pi 


F(rS)(h <g> 1), h <g> 1 


< 


E 


A; 


(a) & *(a) 


i€«n 4 .|o 


i\=Pi 

A} 


M{ r 


E A * a )A{ a )\\ l/2 M{r)\\hf 


i evZ i ,\<x i \=p i 
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for any h G 1C. On the other hand, we have 


E 4 


(«) * S (o 


“i&PSj.lail =Pi 

\ «e{i.fc> 


— r Pi . . . r Pk 
~ r l ' k 


F(rS)(h ® 1), h <g> 1 




/ 


\ 


E A U A ^®i 

, ,\cxi\= Pi 

\ ie{ i.fc} / 

1/2 


(ft 0 1), ft 0 1 


/ \ 

E ^(a)^(«) 

ajGF^. ,|ai4|=P4 

Hence, using the previous inequality, we deduce that 


hf 


f 


r,P 1 JPk I 


\ 


1/2 


E A U A W E ^( a )Aa)H 1/2M ( 1 


,|q:^ I =Vi 


I“<i=i>4 

for any h G 1C, and the inequality in the theorem follows. The fact that M(r) = ||F(rS)|| is due to von 
Neumann inequality m- The proof is complete. □ 


We remark that due to the fact that there is r G (0,1) such that rP n (fh) C B n (fH), we have 

B(H) ni x c • • • x c B(H) n * = U P B a (H). 

p> o 

We say that F is an entire function in B(fH) ni x c ■ ■ ■ x c B(fH) nk if F is free holomorpliic on every regular 
polyball pB n (fH), p > 0. 

Here is an analogue of Liouville’s theorem for entire functions on B(T~L) ni x c ■ • ■ x c B(fH) nk . 

Corollary 1.9. If F : B{'H) ni x c x c —> B(1C) B(H) is an entire function with the 

property that there is a constant C > 0 and (pi,... ,pP) G ill. such that 

||F(X)||<C|| £ X (ct) X* a) || 1 / 2 

a i A tx i\ = 1i 

*e{i.fe> 

for any X G B(fH) ni x c - ■ ■ x c B{B) nk , then F is a polynomial of degree at most q± + - ■ ■ + qk ■ In particular, 
a bounded free holomorphic function must be constant. 


Proof. Let F have the representation 

- F ( X ) = E E Aa)® X (c*)- 

(Pl,-..,Pfc)6Z^ a i gF+ i ,|a i |=p i 


Due to the hypothesis, we have 

l|F(rS) || < Crf 1 ■■■rff || £ S^S^H 1 / 2 < Crf • • -rf 

“4 6 F& 4 ,|a<I= 9 i 
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for any n > 0. Hence, and using Theorem 1 1.81 we deduce that 

1 . ,, . 1 


E A U A (a) II V2 < 


:M( r) < 


-\\F( rS)|| 


i&n i .\ a i\=Pi 


< c- 


„Pi-9i „Pk-qk 


for any r* > 0 and i £ {1,..., A;}. Consequently, if there is s £ {1,..., k} such that p s > q s , then taking 
r s —>■ oo we obtain 

E A U ) A ( a ) = °> 

«i6F+ ,Ia4* Pi 

which implies = 0 for any (a) = (a ±,..., a*,) with cq £ F+ and \cti\ = pi and any pi £ Z + , i ^ s. 
Hence, we have 

F(X)= E E A«) ® *(<«)• 

(pi .Pfe)e 2 + c i eF+.,|c< i |=p j 

Pi<n »e{i k} 

The proof is complete. □ 


Define the set 

A := {r = (ri,...,r fc ) G K+ : {|| E r i Pl ’'' r k Pk A (a ) A {<*) |]}(pi,... lPfc )ez* is bounded}. 

i€{l. k} 

Given a formal power series ip = X) At a \ ® Z( a ), we define the set 

(a) 


D V {H) := (J rB n (U). 

reA 

We say that D v is logarithmically convex if A is log-convex, i.e. the set 

{(logn,...,logr fc ) : (n,...,r fe ) £ A,n > 0} 


is convex. 

Proposition 1.10. Let ip = fT, A (n) ® ^(a) be a formal power series. The following statements hold. 

(«) 

(i) ip is free holomorphic on D v and 

ipfXf = 'y ' y ' A(ot) ® ^ G D v , 

(Pl,---,Pfc)6Z* o i €F+.,|o i |=P i 

where the series is convergent in the operator norm. 

(ii ) is a logarithmically convex complete Reinhardt domain. 

Proof. According to Theorem 11.11 and due to the uniqueness of the representation for free holomorphic 
functions on polyballs, ip is a free holomorphic function on D V (TL) := (J reA rB n (%) and has the repre¬ 
sentation of item (i). To prove (ii), note first that, due to Proposition 11.31 D y is a complete Reinhardt 
domain. Now, let (rq,..., rq) and (si,..., Sk) be in A. Then there is a constant C > 0 such that 


rl Pl ■ ■ ■r 2 k Pk Q p \\ < C and \\sl Pl ■ ■ ■ sl Pk Q p \\ < C 
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for any p = {pi,... ,pk) £ Z+, where Q p := -A( a i-A(a)- Consequently, due to the spectral 

OieF+,1 cJ= Pi 

theorem for positive operators, we have 


= 

(r 2 r---rl P *Q p y( 


< 

( r i pi ■■■ r l Pk Qp) t 

(s? Pl -.-s 

< 

r ? 1 ■•4“Op 

£ 

2 P ! 2p fc 

S 1 S /c 

< = c. 




k Q p) 

l-t 


Q, 


Consequently, (rfs:[ ,...,r\.ki ) £ A, which proves that is logarithmically convex. The proof is 

complete. □ 


We remark that, due to Theorem 1 1.41 if p = (p 1; ..., p k ) £ A, then <g>X( Q ) 

(pi,...,p fe )eZ^ cneF+^iajl^i 

is divergent for some X £ pB n (H) _ and some Hilbert space H. Indeed, take X = pS and use Theorem 
PI We call the set D v the universal domain of convergence of the power series ip. 

Our next task is to find the largest polyball rB n (H), r > 0, which is included in the universal domain 
of convergence of ip. 

Theorem 1.11. Let ip =Y2 A( Q ) <S> be a formal power series and define 7 £ [0, 00 ] by setting 

(«) 

- := lim sup || E ^(a)A«) II 2<P1+ "' +Pfe) ■ 

7 (p 1 ,...,p J> )€Z* a 4 gF+ ,|a i |=p 1 

*e{i.fc> 

Then the following statements hold. 

(i) The series 

E II E A (a) ®X (a) ||, X £ 7 B„(W), 

(Pl.---,Pfc)eZ+ a»e F n i >l“«l=i’i 
<e{i.fe> 

is convergent. Moreover, the convergence is uniform on ?B n ('H) _ if 0 < r < 7 . 

(ii) For any s > 7 , i/iere is a Hilbert space TL and Y G sB n (%) _ such that the series 

E E A («) 0 y («) 

«£{1 .fc} 

is divergent in the operator norm topology. 


Proof. Assume that 7 > 0 and let X G rB n ('H) , where 0 < r < 7 . Fix p G (r, 7 ) and note that 

II E ^ a) A (a) || < i 

aiSF+. 

*e{i.fe} 

for all but finitely many (pi,. ■ ■ ,Pk) £ Z+. Consequently, due to the von Neumann type inequality HU, 
we have 


II E a (q) ®x ( q) ||< II E A«) 0 ^ 1+ '" +PfcS («)II 

ai eF+. ,|aJ= Pi ai eF+. ,|ai|= Pi 


r pi+ - pfe ii E 

“«e r n 4 .l“«l=P4 
i€{l.fc} 



1/2 


PlH-hpfc 
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for all but finitely many {pi, • ■ ■ ,Pk) G %+■ Hence, item (i) holds and also implies that the series 

OO 

Y || Y A( a ) <g> -XV a )|| is uniformly convergent on rH n (K)~. The case when 7 = 00 can be 
q— 0 l<*i|4-H«kl=fl 

treated in a similar manner. Now, assume that 7 < p < s and let Y := sS, where S is the universal 
model of B n ”. It is clear that Y G sB n ("H) _ and 

|| E Afo®^)ll=^ 1 + '" +Pfc H E ^a)Aa)H 1/2 - 

<e{i,...,fc> »e{i.fc} 

Since 7 < 7 , there are infinitely many tuples {pi, ■ ■ ■ ,Pk) € such that 

11 e A U A i°) iiw^t>I 

aieF+j.lcjHPi 
ie{i.*} 


and, consequently, || Y 

“«e F ;t i >l“il=Pi 

moreover, that the series 


> (f) 


PlH-h Pk 


This shows that item (ii) holds and, 


E 

(pi,—,Pfc)ez£ 


E A«) ® E) 

“ie F n i ,l“il=P» 

«e{i.»=} 


is divergent. 


□ 


The number 7 satisfying properties (i) and (ii) in the theorem above is unique and is called the polyball 
radius of convergence for the power series ip. 

Corollary 1.12. Under the conditions of Theorem 11.111 the following statements hold. 

(i) The series 

OO 

E II E A«) ®E)H 

q=0 |c*i 14-fl“fc l=Q 

c^GF^. 

is uniformly convergent on r’B n (H)~ if 0 < r < 7 . 

(ii) For any s > 7 , there is Ye sB n ('H) _ such that the series 

OO 

E E A“) ® ^(«) 

(?—0 |«il4-H«fcl=« 

is divergent in the operator norm topology. 

Proof. A closer look at the proof of Theorem 11.111 reveals that item (i) was already proved and the only 
thing that we need in order to complete the proof of item (ii) is that, under the condition 7 < p < s, 

OO 

E E A“) ® s? S(a) 

q—0 I a i 14 I“fe 1=9 
<*»eF+ 

is divergent in the operator norm topology. Assume the contrary and apply the convergent series above 

OO 

to the vector x <g> 1, where x e /C. We deduce that Y A(«) < 8 > s 9 e(„) is in the Hilbert space 

g=0 l« 1 |+-|« fe |=<i 

/C ® <S>i=i F 2 (H ni ). Since {e (a )} ( «)eF + x—xF+ an orthonormal basis for F 2 {H ni ), we conclude 

that the series Y( a ) Ac*) A«) * s WOT-convergent. Let r e [ 0 , 1 ) and note that 
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oo 

E^ E ii E a w ®s^~^s w \\ 

P—° (Pi.Pfe)e z 5- Pi&i t APi\=Pi 

Pl_| 1- p k =p iG{l,...,fc} 

OO 

<E rP E II E s 2 ilM+ - +lM) A* w A w || 1/2 

p=0 ( P1 ,..., Pfc )ez^ /SiSF^.lSiNpj 

pi + ---+pfe=p »e{i fc} 



ii e 

Pi 

»e{l.*} 


Since the latter series is convergent for any r G [0,1), we deduce that 

OO 

E E II E ^(/?) ® (rs) Pl+ '" +Pfc S (/3) || < oo, 

P=° (pi Pfc)e z + @ieF^ i ,|/3 j |=p i 

Pl_| 1 -Vk=P ie{l,...,k} 


which implies that 

OO 

E E ii E A( t 3 ) ®x (/3) || < oo 

p=0 (Pi,...,p fc )ez^ Pi&i. i ,\Pi\=p i 

PlH 1-Pfc=P ie{l,...,fe} 

for any X G pB n ('H )~, where p G ( 7 , s), which contradicts Theorem 11.111 fsee the end of its proof). 
Therefore, item (ii) holds. □ 


A closer look at the proofs of Theorem 11.111 and Corollary 11.121 reveals the following result. 
Corollary 1.13. The radius of convergence of a power series V 3 = X) ^(a) ® -Z( a ) satisfies the relation 

(a) 

{ 

OO 

7 = sup < r > 0 : E E A( a ) ® r 9 S( a ) is convergent in the operator norm > 

9=0 |ai|+-. + |a fc | = g 

= sup < r > 0 : ^(a) ® r Pl_l hPfc S(a) convergent in the operator norm > . 

(Pl, -,Pk)£Z+ c,i€W+ i ,lc i l=p i 

( i€{l .fc} ) 

Moreover, we have the following characterization for free holomorphic functions on polyballs. 

Corollary 1.14. Let S he the universal model associated with the abstract regular polyball B n . A formal 
power series p = )T) A( a ) < 8 > Zi a \ is a free holomorphic function (with coefficients in B(1C)) on the abstract 

(a) 

polyball pB n , where p = ( pi ,..., pk), Pi > 0, if and only if the series 

OO 

E E A ( a )®r q p[ ai1 •••pj“ fcl S ( «) 

9=0 Ma+jX 

l“i H-H“fcl=a 

is convergent in the operator norm topology for any r G [0,1). Moreover, the set Hol(pB n ) of all free 
holomorphic functions on pB n is an algebra. 
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2. Maximum principle and Schwarz type results 

In this section, we present some results concening the composition of free holomorphic functions and 
study bounded free holomorphic functions on polyball. We prove a Schwarz lemma, and a maximum 
principle in this setting. The results play an important role in the next sections. 

Let H°°( B n ) denote the set of all elements tp in iJoZ(B n ) such that 

IMIoc := sup||^(X)H < oo, 

where the supremum is taken over all X £ B„(%) and any Hilbert space H. One can show that H°°( B n ) 
is a Banach algebra under pointwise multiplication and the norm || ■ Hoq. For each p £ N, we define the 
norms || ■ jj| p : M pxp (H°°(B n )) ->• [0,oo) by setting 

|| [^stjpxp Up := sup || [</2 s t(X)]pxp || > 

where the supremum is taken over all X £ B n (%) and any Hilbert space 'H. It is easy to see that the 
norms || ■ |j p , p £ N, determine an operator space structure on H°°{ B n ), in the sense of Ruan (ED USD- 
Given <p £ F“ and a Hilbert space TL, the noncommutative Berezin transform associated with the 
abstract noncommutative polyball B n generates a function whose representation on T-L is 

B[p\ : B a (H) -A B(H) 

defined by 

B[p\(X):=B x M, X £ B n (H), 

where : B(®![ =1 F 2 (H ni )) —> B{TL) is the Berezin transform at X defined by 

B x [g] := K^(s®/ W )K X , g £ B(® k i=1 F 2 (H ni )), 
where F 2 (H ni ) is the full Fock space on n* generators and 

K x : n -»■ F 2 (H ni ) ® - • - g) F 2 ( H nk ) ® A X (J) (U) 

is the noncommutative Berezin kernel associated with X 

We call B[ip\ the Berezin transform of tp. In |21j . we identified the noncommutative algebra F“ with 
the Hardy subalgebra H°°( B n ) of bounded free holomorphic functions on B n . More precisely, we proved 
that he map d> : H°°( B n ) —>• FJj° defined by 

^ ( 5Z a (“)-^(“) I := ^ a (a)S(q) 

V («) / (“) 

is a completely isometric isomorphism of operator algebras. Moreover, if g := a (a)^(a) is a free 

(a) 

holomorphic function on the abstract polyball B n , then the following statements are equivalent: 

(i) g £ H°°(B a ); 

(ii) sup ||. 9 (VS)|| < oo, where g{rS) := EloEwed x-xi+ r q a M S (a y, 

°< r<1 I°ul + - ■ + |ifcl=9 

(iii) there exists ip £ F“ with g = B\<p\, where B is the noncommutative Berezin transform associated 
with the abstract polyball B n . 

In this case, 

<%) = SOT- lim g{rS), ^ (p) = B[p], p £ F^ 3 , 

i—y 1 

and 

\\®(g)\\ = sup [|s(rS)|| = lim ||.g(rS)||. 

0<r<l r - >1 

We use the notation g := &(g) and call g the (model) boundary function of g with respect to the universal 
model S. We denote by H(B n ) the set of all elements g in Hol( B n ) such that the mapping 

B n (%) 9X4 ff(X) £ B(H) 

has a continuous extension to [B n ("H)] _ for any Hilbert space Tl. One can show that x4(B n ) is a Banach 
algebra under pointwise multiplication and the norm || ■ Hoc, and it has an operator space structure under 
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the norms || • || p , p £ N. Moreover, we can identify the polyball algebra A. n with the subalgebra A(B n ). 
We proved in [2T] that the map $ : A(B n ) —> A. n defined by 

^ I 5Z a («)-^(«) I ;= y^ a (a)S(q) 

\(«) / (“) 

is a completely isometric isomorphism of operator algebras. Moreover, if g := Y2 a (a)Z( a ) is a free 

(a) 

holomorphic function on the abstract polyball B n , then the following statements are equivalent: 

(i) g £ A(B n ); 

(ii) g(rS) :=Er=o£ ( „)£!■+ X---XF+ r9a (a)S(a) is convergent in the norm topology as r —» 1 ; 

l a l H-H a )E 1=9 

(iii) there exists p £ A n with g = 3[p\, where 3 is the noncommutative Berezin transform associated 
with the abstract polyball B n . 

In this case, 

$(g) = limp(rS) and = B[p\, P G A n , 

i—> 1 

where the limit is in the operator norm topology. 

Lemma 2.1. Let F : B n (TL)~ —> B(TL) mi x ••• x B{'H) rn,q be a free holomorphic function on B n (Ti) 
and continuous on B n (TL)~. IfX.£ B n (TL)~ and F £ B m ((g>jLi F 2 (F[ ni ))~ are pure elements, then so is 
F(X)£ 


Proof. Let / : B n (H) [B(7i)] 1 be a free holomorphic function on B n (H) and continuous on B n (H) . 
If X € B n (T~L)~ is pure, we can apply the noncommutative Berezin transform and obtain 

/(X)/(X)* = lim B rX [/f] = lim 3^{f r ff]. 

r —>•! r—^1 

Since lim r ^i f r = f in norm and 23 x is continuous in norm, we deduce that /(X)/(X) * = B X [//*]■ In 
a similar manner, if F = (T\,..., F q ) and i £ {1,..., q}, we obtain 


F iia {X)F i>a (X)* = B x 


• ,|o:|=p 


2^ Fi,aF* a 

.,|ci| —p 


Since 


E 

Q'GF^ i ,|o:|=p 


Fi, a F* a 


< 1 and ^ F ita F* a —> 0 strongly as p —» oo, 

,|a|=p 


we deduce that i*i(X) is pure and, therefore, so is F(X). The proof is complete. 


□ 


Proposition 2.2. Let G : B n (%) — > B(H) mi x x B('H) rnq be a free holomorphic function, where 
n = (m,... ,nfe) £ N fe and m = (mi,... ,m q ) £ N 9 . Then range G C B m (H) if and only if 

G(rS) £ B m (®J = i F 2 (H ni )), r £ [0,1), 

where S is the universal model of the regular polyball B n . 


Proof. Since r S £ Bn(®i=iF 2 (H ni )) for any r £ [0,1), the direct implication is obvious. To prove 
the converse, assume that G = {G i,..., G q ) has the property that G(rS) £ B m {®UF 2 {H ni )). Con¬ 
sequently, if i,s £ {l,...,g}, i ^ s, then each entry of Gi(r S) = (Gj ] i(rS),... ,Gi imi (rS)) commutes 
with each entry of G s (rS) = (G Si i(rS),..., G St m s (rS)). Moreover, G(rS) is a pure element with entries 
{Gij( 7 ’S)} in the noncommutative polyball algebra A n and, for each r £ [ 0 , 1 ), 

(id - $Gi(rS)) o • • • o (id- $G„(rS))C0 > d r I , 

for some d r > 0. If X = (X\,...,Xk) £ B n (H), then there is t € (0,1) such that X £ IB n (TL). 
Since G is a free holomorphic function, it is continuous and G(t.S) has the entries in A n . Applying the 
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noncommutative Berezin transform at jX to the relations mentioned above, when r = t, we deduce that 
the entries of Gj(X) commute with the entries of G S (X), if i, s G {1,..., q}, i ^ s, and 

(2.1) {id - $ Gl (X)) ° • • • o {id- $g„(x))0O > 0. 

On the other hand, since Gi(tS) is pure, Lemma 12. II implies that G*(X) is pure. Hence, and using relation 
m, we conclude that G(X) G B n ('H) for any X G B n (%). The proof is complete. □ 

Using Proposition 12.21 and the properties of the noncommutative Berezin transform, one can easily 
deduce the follow result. 

Corollary 2.3. Let G = (Gi,..., G q ), with Gi : B n {TL) —> B{H) mi , be a free holomorphic function such 
that, for each r G [0,1), 

(i) ||G t (rS)|| < 1, te{l,...,q}; 

(ii) the entries of Gt{r S) are commuting with the entries of G s {r S) for any s,t G {l,...,g} with 
s ^ t. 

Then range G C B m (%) if either one of the following conditions holds: 

(a) A G ( r s){I) > 0 f° r an V r G [0,1); 

(b) the entries of Gt(rS) are doubly commuting with the entries of G s (rS) for any s,t G {l,...,g} 
with s ^ t. 

Theorem 2.4. Let n = (m,..., nk) G N fe and m = (mi,..., rn q ) G N 9 . If G : B n (TL) -A B m (H) and 
F : B m {TL) —>• B{H)®minB{£, G) are free holomorphic functions on regular polyballs, then FoG is a free 
holomorphic function on B n {TL). 

Proof. If F has the Fourier representation 

OO 

w) = E E At> « n-u ygb m {n), 

p =0 lnH- Ht 9 I=p 

then we have 

CO 

(FoG)(X)=£ At)®G (7 ) (X), X G B n ("H), 

p=0 ItiIH- \-hq\=P 

Tl£F+ i 

where the convergence is in the operator norm topology. Due to Proposition 12.21 

G(rS) = {G Sit (S)} G B m {F 2 {H ni ) ® •• • ® F 2 {H nk )), r G [0,1), 

where s G {1,... ,q}, t G {1,... ,m s } and S is the universal model of the regular polyball B n . Since 
F : Y$ m {TL) —>• B{TL)® min B{£, G) is a free holomorphic function, for each r G [0,1), 

CO 

(2.2) A r :=^ Y, A W® G M {rS), XGB n {H), 

p— 0 ItiIH- \-\lq\=P 

1 <6F+ 4 

where the convergence is in the operator norm topology. Taking into account that G a ,t{ S) is in the 
noncommutative polyball algebra A. n , we have A r G B{£, G) ® A. n C B{£, G)®F™. This implies that, for 

CO 

each r G [0,1), the operator A r has the Fourier representation ^ G( a )(r) <g> r 1“!H H afc ls (a ) 

q —0 I Q i H- HI=9 

and 

OO 

A r = SOT-lim^ Y G (a) (r)g>(r£)l Ql l+-+l“ fe IS (a) . 
q =0 |a 1 | + -+l« fc |=« 


(2.3) 
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where the series converges in the operator topology. The next step in our proof is to show that C( a \ ( r ) 
does not depend on r G [0,1). Using relations (|2.2ll and (12..'ll) , we have 

(C (a) {r)x,y) = ({10 S^ ) ) r|ai|+ 1 . +|afc| A r (o; ® 1), (y ® 1)^ 

= J™E E ( A h) X >y) ( j-\a± | + 1 - + |afc | S U G h)( rS ^ 1 

p =0 |7llH- \-\lq\=P ' 

7 i gf+ . 


for any ( a ) G F+ x • • • x F+ fe and for any x G £, y G Q. On the other hand, the product G( 7 ) is a free 
holomorphic function on B n fH) and has a representation 


Consequently, 


OO 

G (7 ) (X)=]T Y, d (0) X W’ XGB n (H). 

p -0 I0iH~" + I0«I=P 
Pi 


rl“i| + - 


C* 

■ + |afc| 1' 


0 G (7) (rS)l,l^=d$, 


r€ [0,1), 


for any (a) G F+ x x • • • x F+, and ( 7 ) G F+ x x • • • x F+ fe . Therefore, C( Q ) (r) does not depend on r G [0,1). 
We set G( a )(r) = G( a ), and note that relation (12.31) implies that 


OO 

Q(X) := E E C( a ) ® X( a ), X G B n (%), 

9=0 |a 1 H~- + l<*fcl=« 

“«elPn- 


is a free holomorphic function on B n (fH). Moreover, since Q is continuous in the operator norm we 
deduce that 

OO OO 

A - = E E A?)®G ( 7 )(rS) = E Y C(a)®r |Qll+ "' +|afel S(«) 

p=0 ItiIH \-\iq\=p q— 0 -H«fcl=<2 

7 i eF+. «i£F+. 

for any r G [0,1). Now, if X G B n ("H), then there is r G (0,1) such that X G rB n (H). Applying the 
noncommutative Berezin transform at ^X to the relation above, we deduce that 

r 7 

00 

(F oG)(X)=Y E At) ® G( 7 ) (X) = Q(X) 

p—0 l7lH - h|7gl=P 

for any X G B n ("H). The proof is complete. □ 


Proposition 2.5. Let F : B n (%) —* B(JC)® m i n B(fH) be a bounded free holomorphic function with 
coefficients in B(JC) and representation 

OO 

E E ^(a) ® X( a ). 

q— 0 l“lH-H a fcl = 9 

a i eF+. 


If ll^lloo < 1 , then 


A“) A«) - 1 ~ Ao) A (°) 


i°ii+--+i“ki=« 

Q' i GF+. 


for any q G N, where A( 0 ) := F(0). 
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Proof. Let M be the subspace of F 2 (H ni )0- • ■®F 2 (H rik ) spanned by the vectors 1, ef ai ® • • .®e* fc , where 
on G F rai and |cn| + • • • + |afc| = q G N. Note that the operator C := Pk®mF(S)\ic®M is a contraction 
and, with respect to the decomposition 




has the operator matrix representation 


© 


I a 1 H-H^fc 1—9 

«i£ F ni 


VL 


( 0 ) 

(a) 


|ai|H-hlctfc | =g 

a»6F+. 


[0 ••• 

^4(o) 0 

0 0 


0 0 


'e* k ®H, 


... 0 ] \ 
0 0 
0 0 

0 Ao)J J 


Indeed, we have 
and 


{C(x <g> 1), y <g> 1) = (F(S)(x ® 1), y ® 1} = (A (0) x, y) 


( C{x <g> 1), y <g> e l ai <g> ■ • • <g> e k ak ) = {A {a) x, y) 
for any (a) = (an,.. .,a k ) G F+x- • -xF+, with |ai|H-b|a fc | = q. If |ai|H-h|afc| = |/3i|H-f|/3fc| = <7, 


then we have 


(C(x <g> <g> • • • <g> e k a J, y <g> e| x <g> • • • ® e k Pk ) = 5 ai01 • • • d akh A (0) 

for any x,y £ K,. This proves our assertion. Consequently, the column operator matrix 


V 

is a contraction, which completes the proof. 


A 

A, 


(o) 

(a) 


|«iH-H«fc|=9 

a>eF+. 


□ 


We recall that B n (H) is a complete Reinhardt domain and 

B{U) ni x c • • • x c B(U) n " = |J 

p> o 

We define the Minkovski functional associated with the regular polyball B n (TL) to be the function TOb„ : 
B(H )" 1 x c • • • x c B(TL) nk —> [0, oo) given by 

m Bn (X) := inf {r > 0 : X G rB n (^)} . 

Proposition 2.6. The Minkovski functional associated with the regular polyball B n (H) has the following 
properties: 

(i) m Bn (AX) = |A|to b (X) for A G C; 

(ii) »iB n is upper semicontinuous; 

(hi) B n (H) = {X G B(H) ni x c • • • x c B(H) nk : m Bn (X) < 1}; 

(iv) B n ("H)“ = {X G B(fH) ni x c -.- x c B(H) nk : m Bn (X) < 1}; 

(v) There is a polyball rP n ("H) C B n ("H) for some r G (0,1), where tob„ is continuous. 

Proof. To prove (i), we may assume that X ^ 0 and A ^ 0. It is clear that m Bn (AX) = t > 0 if 
and only if AX G cB n ("H) for any c > t, and AX ^ dB n ("H) if 0 < d < t. Taking into account that 
B n (H) = e tV B n (TL) for any 9 G R, we deduce that the latter conditions are equivalent to X G n (U) 
for any c > t and X ^ j^B n ("H) if 0 < d < t. Hence, we obtain that m B „(X) = -pj, which shows that 
item (i). We skip the proof of item (ii), since it is due to (i) and a straightforward argument. 
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According to Proposition 11,31 we have B n (%) = Uo <T -<i ’"B n ('W). Using this result, one can easily 
deduce item (iii). As we saw in the proof of the same proposition, for any r G (0,1), we have B n (%)~ C 
^B„("%). Consequently, tob„(X) < 1 for any X G B . Now, assume that X G B('H) ni x c ••• x c 
B(H) nk is such that m b„(X) = 1. Then there is a sequence {t m } with t rn > 1 and t m ~> 1 such that 
X G t m B n (’H) for any to G N. Taking t m —> 1, we deduce that X G B n ("H) _ . Hence, and using item 
(iii), one can see that item (iv) holds. To prove (v), note that the fact that ?’P n (H) C B n ("H) for some 
r G (0,1) is quite clear, while the continuity of tob„ on rP n ('H) is due to the convexity of the latter 
polyball. The proof is complete. □ 


Let <C(Zij) be the algebra of all polynomials in indeterminates Zij, where i G {l,...,fc} and j G 
{1,..., rii}. We define the free partial derivation g a on C (Zij) as the unique linear operator on this 
algebra, satisfying the conditions 


dI _ n dZjj = 

dZij ’ dZij 


dZ i>:j 

dZ Stq 


= 0 if (i,j) ± 


(«,<?) 


and 

d(fg) = df dg 

dZ id dZ UJ 9 J dZ h1 

for any f,g G C {Zij). The same definition extends to formal power series in the noncommuting indeter¬ 
minates Zi g . If F := JO A( a ) CS> Z( a ) is a power series with operator-valued coefficients, then 

(cqeF^ x---xfi k 

the free partial derivative of F with respect to Z lg is the power series d a z F := JOaeF^ ^(«) ® • One 

can prove that if F is a free holomorphic function on B n (TL) then so is . We leave the proof to the 
reader. 

The next result is an analogue of Schwarz lemma from complex analysis. 


Theorem 2.7. Let F : B n ("H) —> B(H) P be a bounded free holomorphic function with ||P||oo < 1. If 
F( 0) = 0, then 

||F(X)|| < tob„(X) < 1 and to b „(X) < ||X||, X G B„(ft), 

where ?t!.b„ is the Minkovski functional associated with the regular polyball B n (%). In particular, if p = 1, 
the free holomorphic function 

k n5 3 F 

i0)x itj , X = (Xij) G 

i=l j=l ° 

has the property that ||-0(X) |j < tob„(X) < 1. 


Proof. Fix X G B n (B) and let t G (0,1) be such that tob„(X) < t < 1. Since j-X G B n (H), Proposition 
11.31 implies jX G B n (fhL) for any A G D := {z G C : \z\ < 1}. For each x,y G with ||x|| < 1 and 
||y|| < 1, define the function ip XyV : D —» C by setting 

<Px,vW ■= (f y^j ’ A G D. 

Taking into account that F is free holomorphic on B n ("H) and H-FHoo < 1, we deduce that ip XtV is a 
holomorphic function on the unit disc and |<Ar,y(A)| < 1. Since <p x ,y( 0) = 0, an application of the classical 
Schwarz lemma to ip X}V implies |<p x , 2 /(A)| < |A| for any A G D. Taking A = tob„(X), we obtain 

<Px, y { A) := ^ F ^ mB ^ X) x^) x,y^j < to b „(X), A G D. 

for any t G (0,1) with tob„(X) < t < 1. Since F is continuous on B n (%) and taking t — > tob„(X), we 
obtain | (F(X)x,y) \ < TOb„(X) for any x,y G with || x|| < 1 and 11 2 /11 < 1. Consequently, 

||F(X)|| <tob„(X) < 1, X G B n ("H). 
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According to Proposition 1.9 from [21], if ||X|| := <J>.Yi(/) + • • • + 3 >_y k (I) < I then X = (X±,... ,X k ) £ 
Consequently, if X £ B^TL), then £ B n ("H) _ , which implies 77 Tb„(X) < t||X|| for any 
t > 1. taking t —> 1, we deduce that 7tib„(X) < ||X||. 

Now, we consider the particular case when p = 1. Due to the classical Schwarz lemma, we also have 
\Tx,y(°)\ < 1- Since ^(0) = (± t/>(X)x,y), we deduce that ||i/i(X)|| < t < 1. Taking t —> tob„(X), we 
obtain ||^>(X)|| < tob„(X) < 1. The proof is complete. □ 

We have all the ingredients to prove the following maximum principle. 

Theorem 2.8. Let F : B„(%) —> B(T-L) be a bounded free holomorphic function. If there exists Xo £ 
B n (U) such that 

||F(X)|| < ||F(X 0 )||, XeB n (H), 

then F must be a constant. 


Proof. Assume that HFHoo = 1 and there exists X 0 £ B n (H) such that ||W(X 0 )|| = 1. Let F have the 
representation 

OO 

a (a) X (*)- 

q —0 l«iH- 

According to Theorem [53] we have 

E |«(a)| 2 <l-|A(0)| 2 

l«il+--+l«fcl =q 

n, , 


for any q £ N. Hence, if |W(0)| = 1, then a(„) = 0 for any (a) = (aq,..., a*,) £ x • • • x F+ fe with 
|aq| + • • • + |a fe | > 1, which implies F = F( 0). 

Now, we assume that |W(0)| < 1 and set A := F( 0). Note that if is the corresponding automorphism 
of the open unit ball [BifH)\ i (see the remarks preceding Theorem 13.61) . then, due to Theorem 12.41 
G := ’I'a 0 F is a free holomorphic function on B n (%) with the property that G(0) = 0 and HGHoo < 1. 
Using Theorem 12.71 we have ||G(X)|| < 1 for any X £ B n (H). Hence, ||HAx(-^(Xo))|| < 1- Since ^a is an 
involutive automorphism of the open unit ball [B(TL)\ i, we deduce that 

||F(X)|| = ||«r A (WA(F(X)))|| < 1 


for any X £ B n (%), which contradicts our assumption that ||A(Xo)|| = 1. The proof is complete. □ 


Corollary 2.9. Let F : B n (H) —>• B(TL) be a nonconstant bounded free holomorphic function. Then the 
following statements hold: 

(i) ||F(X)|| < ||F|U for any X £ B n (H); 

(ii) the map 

[ 0 , l) fc 9 r^ HArlU, r = (n,... ,r fe ) 
is strictly increasing with respect to each ri, where 

F r (X 1 ,...,X k ) :=F(r 1 X 1 ,...,r k X k ), (X u ... ,X k ) £ 


Proof. Without loss of generality, we may assume that H-FHoo = 1. Part (i) is a consequence of Theorem 
12.81 To prove part (ii), let 0 < r\ < t\ < 1 and set r := |^ £ [0,1). Since F is a free holomorphic function 
on B n (TL), the operator F(rSi, r 2 S 2 ,..., r k S k ) is in the polyball algebra A. n and ||-F(y ir2l ... )rfc ) ||oo = 
||F(rSi, r 2 S 2 , . • •, TfcSfc)||. Applying part (i) to the bounded free holomorphic function F 1 (r,r 2 ,...,r fc ) on 
B n (H) and X = (rSi,r 2 S 2 ,..., r k S k ), we obtain 


I|-^(n,r 2 ,...,r i; ) IIoo — ll-^ 1 (r 1 ,r 2 ,...,r fe )(S)||oo — 

< H- F (ti,r 2 ,...,r- fc )(Sl,S 2 ,...,S fc )|| = || F( tl , r2 ,..., rk ) 


r l , 


A(ii ) r2,...,r>) [ ^ ®1) * * * 5 Sfe 


The proof is complete. 


□ 
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The next version of the maximum principle is needed in the next sections. 

Theorem 2.10. Let F : B n ("H) —> B{TL) P be a bounded free holomorphic function with ||F(0)|| < IjFHoo. 
Then there is no Xq G B n (H) such that ||F(Xo)|| = HFII^. 

Proof. Without loss of generality we may assume that ||F||oo = 1. If F( 0) = 0, Theorem 12.71 implies 
||F(X)|| < 1 for any X G B n (TL), which completes the proof. 

Now we consider that case when 0 ^ ||F(0)|| < 1. Suppose that there is X 0 G B n (TL) such that 
||F(X 0 )|| = 1. Since ||F(0)|| < ||-F||oo = 1, we have A := F(0) G (C p )i. Let 'I'a be the automorphism 
of the open unit ball [B(H ) P ]i (see the remarks preceding Theorem 13.61) . We recall that ’I'a is a free 
holomorphic function on [B(fH ) p ] 7 , where 7 := and 5 'a('E'a(^)) = A' for any X G [B(?t) p ] 7 , where 
7 := jpqp. Using Theorem 12.41 we deduce that G := ^\ o F : B n (H) —> B(H) P is a free holomorphic 
function on B n (%) such that G(0) = 0 and ||G||oo < 1. Due to the Schwarz type result of Theorem l2.7l 
we have ||G(X)|| < 1 for any X G B n ('H). In particular, we have ||'I'a(F(Xo))|| < 1. Since ’I'a is an 
involutive automorphism of the open unit ball [B(TL) P ] 1 , we deduce that 

||F(X„)|| = ||H/a(^a(F(X„)))|| < 1, 

which is a contradiction. The proof is complete. □ 


3. Holomorphic automorphisms of noncommutative polyballs 

In this section, we use noncommutative Berezin transforms to obtain a complete description of the 
group Aut(B n ) of all free holomorphic automorphisms of the polyball B n , which is an analogue of 
Rudin’s characterization of the holomorphic automorphisms of the polydisc, and prove some of their 
basic properties. We show that Aut(B n ) ~ Aut((C ni )i x ••• x (C"')i) and obtain an analogue of 
Poincare’s classical result that the open unit ball of C" is not biholomorphic equivalent to the polydisk 
ID", for noncommutative regular polyballs. 

Proposition 3.1. If n = (m,... ,n k ) G then the following statements hold. 

(i) If Ci G B(<C ni ), i G {1.fc}, are contractions, then g : B„(%)“ —» B n (TL)~, defined by 

5(X) = (X 1 C 1 ,.. ,,X k C k ), X := (X 1; .. .,X k ) G B a (H)~, 

is a free holomorphic function on B n (TL). In particular, if each Ci is a unitary operator, then 
5|b„ch) £ Aut(B n ) and g is a homeomorphism o/B n (H)~. 

(ii) If a is a permutation of the set {1,..., k} such that n^j) = n,, then p a : B n (H) B n (fh) , 

defined by 

p a (X) = (A ff(1) ,..., X a{k) ), X := (Ad,..., X k ) G B n (H)“, 

is a homeomorphism of and p, t |b„(«) a free holomorphic automorphism o/B n (7t). 

(iii) If 'Pi : [B(fH.) ni ]i —> [B(TL) ni \f, i G {1,..., k}, is a free holomorphic function, then G : B n (fH) —> 
B(H) ni x • • • x B(U) nk defined by 

G(X) := (MXi), ■ • •, <p k {X k )), X = (X l5 ..., A fe ) G B n (H), 

is a free holomorphic function on the regular polyball and range G C B n (H). In particular, if 
each fi is a free holomorphic automorphism of the unit ball [. B(fH) ni ]\, then G G Aut( B n ). 

Proof. The results are immediate consequences of Theorem 12.41 and Corollary 12.31 □ 

Let F : B a (fH) —> B(fH) ni+ ' nk be a free holomorphic function with F := {F\,... ,F k ) and Fj = 
(Fqi,..., Fi ni ), where each Fij is a free holomorphic function on B n (7t) with scalar coefficients. We 
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define F'(0) as the linear operator on C ni_l l_ " fc having the matrix 


'lfe(O) 


aFl .i /q\ 

dz k , 1 W 


^r(O) 


• 9Fl ’ ni toi 

5z fc ,i 


Sj(0) 


0Ffc ’ 1 (Of 
dz kj 1 l U j 

• • (0) 

0 ) 


/Q-) 



Now, we can prove the following noncommutative version of Cartan’s uniqueness theorem [4], for free 
holomorphic functions on regular polyballs. 

Theorem 3.2. Let F : B n ("H) —>• B n (TL) be a free holomorphic function such that F( 0) = 0 and 
F'(0) = I. Then 

F(X) = X, X G 


Proof. Let X = (Xip,... .. .,X kA ,.. .,X k>nk ) G B n (H) and let 

F(X) = (F M (X),..., F ljni (X),... ,F M (X),.. . ,F fc , nfc (X)), 

where Fjj are free holomorphic functions on the regular polyball B n fH), for any i G {l,...,fc} and 
j G {1,... We will also use the row matrix notation X = [Xij] i,j], where the indices i, j are as 

above. Since F( 0) = 0 and F'( 0) = /, we must have 


OO 

*i,i(X) = X itj + J2 E °%La>X liai ■ ■ ■ W, 

q—2 l«i K-1=9 

« S G F+ g 


a 


to) 

Otl 


ec, 


for any i G {l,...,fc} and j G {l,...,n»}. Assume that at least one of the coefficients aall..,a k is 
different from zero. Let to > 2 be the smallest natural number such that there exist i o G {1,... , fc}, 
jo G {l,...,rij 0 }, and G F+ such that |aj| + ••• + |a°| = to and / 0. Then we have 

F„ (X) = X id + Y^m gE(X), Where 

(3-1) G^(X):= Y. ^t.,a h X liai ---X ktah 

\«‘ 1 \ + -- + \a k \=p 

for any p > to, i G {1,..., k}, and j G {1,..., Hi}. Due to Theorem 12.41 Gp^ o F, p > to, is a free 
holomorphic function and 

(G™ o F)(X) = E a^...,a^i,a 1 (X) • • ■ F fc , Qfc (X) = G™ (X) + F^(X), 

l a i H-fl a fc l= m 

(*7) 

where is a free holomorphic function containing only monomials of degree greater than or equal to 

to + 1. Using now Theorem, we deduce that F^ := F o F is a free holomorphic function on the regular 
polyball B n (TL). Note that 

"OO 

E g E( x ) ; bj 

_p=m 


F(X) = [X id : i,j) + 
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and 


i^ [ 2 ] (X) = [Fi j (X) : 


i, j] + 


G^{F(X)) 


E G f\F{X)) : i,j 

p—m-\-1 


= X iJ+ G%HX)+ E GW)(X): t,j 

p=m+l 

= [*ij : i,i] + [2G^(X) : t.j] + [T^X) : t,j] 


G&fl(X)+fi<$ l( X): *,j 


where and T^E are free holomorphic functions containing only monomials of degree greater than 

or equal tom+1. Continuing this process, we obtain 


(3.2) fN( X ) = [X itj : i,j] + [nG^(X) : i, j] + [A^i(X) : i,j] n G N, 

where 1 are free holomorphic functions containing only monomials of degree greater than or equal 
to m + 1 . 

Recall that G and |a°|H-b|a°| = m - Consequently, if /?* G F+ with |/3i|d-h 1/3*| = p > m, 

then S* t p 1 < 8 > • • • 0 S^. p k (e* o 0 • • • 0 e* 0 ) ^ 0 if and only if p = m and Pi = for any i G {1, ..., k}. In 
this case, we have S* 0 0 ■ • • 0 5? 0 (e 1 0 0 • • • 0 e fc 0 ) = 1. Hence, and using relation (13.2|l when X = S, 
we obtain 


F^(rS)*(eK 


' e a°) = r 








<4>): 


where gE are homogeneous polynomials of degree m (see relation (13.11) 1. Taking into account the latter 
relation and the fact that 


we deduce that 
nr m 


n (iojo) 

tl n n 

o;V,...,Q;r 


G%\sy(e 1 a o®---®e k a o): i,j 

1 k 

< ||FM( rS )*( e i 0---0e*)IH 


> 


_(*oj'o) 
tl n o 




> 0 , 


><o) : i,j 

k 


for any nGN. Since (rS) G B n (. F 2 (H ni ) 0 • • • 0 F 2 (H nk )), taking n —>■ oo in the inequality above, 
we obtain a contradiction. Therefore, we must have F(X) = X. The proof is complete. □ 


If L := \a,;j] nxn is a bounded linear operator on C", it generates a function : B(TL) n —»• B(TL) n by 


setting 


* L (X 1} ...,X n ) := [X u 


,XJL = 


^ ( UiiX) 


>£< 


j. 


_i=l j=l 

where L := [oy%] nX n- By abuse of notation, we also write = XL. 

A map F : B„(H) —> B n ("H) is called free biholomorphic if F is free homolorphic, one-to-one and onto, 
and has free holomorphic inverse. The automorphism group of B n (%), denoted by Aut(B a ('H)), consists 
of all free biholomorphic functions of B n (%). It is clear that Aut(B n ('H)) is a group with respect to the 
composition of free holomorphic functions. 


In what follows, we characterize the free biholomorphic functions with F(0) = 0. 


Theorem 3.3. Let F : B n (H) —> B n (TL) be a free biholomorphic function with F( 0) = 0. Then there is 
an invertible bounded linear operator L on C" 1+ '" nfc such that 

F(X) = $ l (X), XgB„(H). 


Proof. Consider the set A n := {( i,j ) : i G {1,..., k}, j G {1,..., rij}} with the lexicographic order. Since 
F(X) = 0, we have F(X) = [F s , t (X) : (s,f) G A n ] with 

(3-3) F Stt (X)= E 

(idle A n 
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where is a free holomorphic function which contains only monomials of degree > 2. Therefore, we 
have 

OO 

(3-4) *m(X)=£ £ <%*l iah X ltai ---X k>ak 

m =2 l«iH-H a fcI =m 


for some coefficients c 


(s,t) 

ai,...,ait 


G C. Consider the matrix L := 


o 


(*»j) 

(«>*) 


((Lf)i(s.t))eA n xA, 


and note that 


F(X) = : (*,j) G A n ]L+ [* 8 , t (X) : (s,f) G A n ], 


Since F is free biholomorphic function with F(0) = 0, its inverse G : B n (fH) —>• B n (TL) is also a free 
holomorphic function with G( 0) = 0. As above, one can see that G must have a representation of the 
form 


where M := 


l («.*) 

\i,3) 


G(X) = [X, it : ( S ,t)GA n ]M+[r tJ (X): (*, j) G A„], 

is a square matrix with complex coefficients and i is a free 

J(( s ,t),(i,j))eA n xA n 


holomorphic function which contains only monomials of degree > 2. Now, one can easily see that 


(GoF)(X) = [F Sjt (X) : (s,t) G A n ]M + [T id (F(X)) : (*,j) G A n ] 

= [X id : (i,j)GA n ]IM+[$,, t (X): (s,i) G A n ]M + [T i>j (F(X)) : (*,j) G A n ] 
= [Xi,j '■ (bj) G A n ]LM + [QijpV) : ( i,j ) G A n ], 


where each j is a free holomorphic function which contains only monomials of degree > 2. Since 
(G o F)(X) = X and due to the uniqueness of the representation of free holomorphic functions, we 

deduce that Qij = 0 for any (i.j) G A n and LM = / ni _|_(_ nfc . In a similar manner, one can prove that 

LM = I ni J, _| - nk . Therefore, L is an invertible operator. 

Since B n (H) is a noncommutative Reinhardt domain (see Proposition II.31) . for each 6 G R, the map 
X e _ * e F(e' 0 X) is a free holomorphic function on the regular polyball B n (T~L). Consequently, Theorem 
12.41 implies that 

H(X) := G(e~ w F(e ie X)), X G B n (H). 
is a free holomorphic function with H( 0) =0 and 

H(X) = [X itj : (i,j) G A a \LM+[P it j(X) : (i, j) G A n ], 


where each Pi j is a free holomorphic function which contains only monomials of degree > 2. Since 

LM = _|_„ fc , we can apply Theorem 13.21 and deduce that H(X) = X. Due to the definition of H 

and using the fact that F o G = id, we obtain e* e F(X) = F(e* e X) for any X G B„("%), and 0 G R. 
Using relations m , o and due to the uniqueness of the coefficients in the representation of free 
holomorphic functions, we deduce that 


(s,t) p i9(\ai\+—+\a k \) _ iS Js,t) 

°ai ,...,aic C c u ai,...,a k i 


6 G K, 


for any on G F+ with |ai| H-h |a/c| > 2, and (s,t) G A n . Hence, Cai}..,a k = 0 and, therefore, ’i’s.t = 0. 

Now, relation (13.31) implies F(X) = Xi, and he proof is complete. □ 


Theorem 3.4. Let n = (m,... ,nk) G N fe and let F : B n ("H) —> B n (%) be a free biholomorphic function 
with F(0) = 0. Then there are unitary operators Ui G B(JC ni ), i G {1,..., k}, and a permutation o G Sk 
with the property that n a -i^ = Hi for i G {1,..., A:} such that 

(p ff -ioF)(X) = [X 1 U 1 ,...,X k U k ] X= (Xi,...,X fc ) GB n (H). 

Moreover, the converse is also true. 


Proof. According to Theorem l3.31 there is an invertible bounded linear operator L on C" 1+ " rafc such that 

F(X) = [X\,, X k ]L, X G B n (H). 
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Since F £ Aut(B n ), its scalar representation /(Ai,..., A k) '■= [Ai,..., Afc]L is an automorphism of the 
scalar polyball (C ni )i x • • • x (C"‘)i. Due to the classical result (see [25], [9].[27]). there is a permutation 
a £ iSfc such that n a ~= rii for i £ {1,..., fc}, such that 

(p„-i ° /)(Ai,..., A fc ) = (ffi(Ai), • ■ .,g k { A*)), (Ai,..., A fc ) G (C" 1 )! x • • ■ x (C 1 *),, 

where G Aut((C ni )i ) with <jj(0) = 0 for any * G {1,..., k}. According to [2S], each g^ G Aut{{ C rai )i) 
with gfj(O) = 0 has the form gi{\i) = Ajf/j, where C/j G B(C ni ) is a unitary operator. Consequently, we 
obtain 

(p*-i ° /)(Ai, • ■ ■, A fc ) = [Ar,..., Afc]U, (Ar,..., A fc ) G x • ■ ■ x (C^),, 

where the unitary operator U G B(C niA hn ' c ) is the direct sum U = U\ © • • • © U k . Hence, we deduce 
that (jp a - 1 oF)(Ai,..., A k) = [Ai,..., A*,]U, which, due to the linearity of each component of F, implies 

(Pa-1 o F)(X X k ) = [X U ..., X k }U 

for any (Xi,..., X k ) £ B n (%). 

To prove the converse, let Ui G B(C ni ), i G {1,..., k}, be unitary operators. Note that the map gi 
defined by g^Xf) := X i: U,;. X t G [B(fH) ni ] i, is a free holomorphic automorphism of the noncommutative 
ball [B(7i) ni ] i. Hence, and using Proposition l3.ll we deduce that g := (gi ,..., g k ) and p CT are holomorphic 
automorphisms of the regular polyball B n . Consequently, F := p a o g G Aut{ B n ) with F( 0) = 0. The 
proof is complete. □ 

Under the conditions of Theorem 13.31 we consider the unitary operator U G B(C niH h " fe ) defined as 
the direct sum U = Ui ® • • • © U k and let 3>u : B n ("H) —)• B n ("H) be the free biholomorphic function 
defined by 3>u(X) := XU. Then, we have F = p a o 3?u. 

Theorem 3.5. Let F : B n (H) -» B n (H) be a free holomorphic function such that F'( 0) is a unitary 
operator on C” 1-1 l_nfe . Then F is a free holomorphic automorphism of B n and 

F(X)=X[F'( 0)]*, X £ B n (H), 

where T denotes the transpose. 


Proof. Assume that F has the representation 


F(X):=A (0) +J2 E A( a )<8>X (a) , X G B n (B), 


q= 1 l“iH - H Q fel—•? 


where A^ G P n (C) is written as a row operator with entries in C. Note that 

F'( 0) = A( a ^ : |ori | 3-1- |«fc| = 1, on G F+ 

Taking into account that F’( 0) is a co-isometry, we deduce that ^ A*, = I. Since F is a 

l“i H-l = 1 ^ 

free holomorphic function with Halloo = 1, we can apply Proposition 12.51 Consequently, we have 

E A ta)Aia)< I-F(0)*F(0), 

lonl+-+l<»kl=l 


which implies F( 0) = 0. Therefore, since [F'(0)] T = 


A 


(a) 


|«i| ~\ -b |a*,| = 1 


, we have 


F(x) = x[F'(o)r+E E 


^■(a) ® 


q— 2 I a lH-H a fc 1=9 


(3.5) 
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On the other hand, since F'( 0) is an isometry, we have F , (0) r [F , (0) r ]* = I. Multiplying relation (13.511 
to the right by ([-F'( 0 )] T )*, we obtain 

H(X) := F(X)([F'(0)] T )* = X+[G itj (X) : (i,j) G A n ], 

where A n := {(i,j) : i G {1 G {l,...,nj}} and each Gij is a free holomorphic function 

containing only monomials of degree > 2. Since H is a free holomorphic function on B„(%) with H( 0) = 0 
and H'{ 0) = I ni+ ... +nkl Theorem 13.21 implies H(X.) = X. Consequently, we have F(X)([F'(0)] T )* = X. 
Multiplying this relation to the right by [F'(0)] r and taking into account that F'(0) is a co-isometry, we 
deduce that F(X) = X[F'(0)] T for any X G B n ("H). This completes the proof. □ 


In [T 8 : , the theory of noncommutative characteristic functions for row contractions (see m) was used 
to find all the involutive free holomorphic automorphisms of [B(fh) n ]i- They turned out to be of the 
form 

. ., Y n ) = —0a(Y i,..., Y n ) := A - A a ( I K - ^ A^) [Yi ■ ■ ■ Y n ] A a ., 


\ *=l / 

for some A = (Ai,..., X n ) G B„, where 0a is the characteristic function of the row contraction A, and 
A*, A a * are the defect operators defined by A a = (1 — || Al ^) 1 / 2 and A a * = (/o — A*A) 1 / 2 . Moreover, we 
determined the group Aut([l?(77)"]i) of all the free holomorphic automorphisms of the noncommutative 
ball [B(H ) n ]i and showed that if ^ G Aut([B('H) n ]i) and A := ik _ 1 (0), then there is a unitary operator 
U on C" such that 


where ; = YU for any Y G [B(H) n ] i. Let A := (Ai,..., A„) G B„\{0} and let 7 := p^. Then 

H/a := — 0 A is a free holomorphic function on [ B{'H) n ] 1 which has the following properties: 


(i) ’J'a(O) = A and ^a(A) = 0; 

(ii) The identity 

In - $aW^W = Aa (/ - - XX*)(I - XX*)- 1 A x 

holds for all X G [B('H)”] 7 ; 

(iii) i^a is an involution, i.e., i['a( v I'a(A)) = X for any X G [B('H) n ]- y ; 

(iv) U/a is a free holomorphic automorphism of the noncommutative unit ball [B('H) ra ] 1 ; 

(v) Hi a is a homeomorphism of [B(B) n ]i onto \B(T-L) n \[. 


Now, we can prove a structure theorem for holomorphic automorphisms of regular polyballs. 


Theorem 3.6. Let n = (m,..., rife) G N fc and let Hi G Aut(B n (%)). If A = (Ai,..., A k) = Hi -1 (0), then 
there are unique unitary operators Ui G B(C ni ), i G {1,..., k}, and a unique permutation a G Sk with 
n a(i) = n i such that 

Hi =Pa° 0 'S'A, 

where U := U\ © • • ■ ® £4 and H> A := (H'au ..., HiaJ. 


Proof. Let Hi G Aut(B n (%)) and let A = (Ai,...,Afe) = H'~ 1 (0). For each i G {l,...,fc}, Aj G (C ni )i, 
and Ha^ is a free holomorphic automorphism of the noncommutative unit ball [B('H) ni ] 1 . Moreover, 
H / Ai(H'A i (A)) = X for any X G [B(%) ni ] 1 , Ha^O) = Aj. Consequently, using Proposition 13.11 and 
Theorem m we deduce that H/ A := (H'aj , ■ ■ ■, HiA,.) is a holomorphic automorphism of the regular 
polyball B n with the property that 

H'a(H'a(X)) = X, X G B n ("H), 

and H/ a ( 0) = A. Hence, Hi o Hi A G Aut(B n ('H)) and (Hi o H' A )(0) = 0. Applying Theorem 13.31 there 
are unitary operators Ui G B(C ni ), i G {l,...,fc}, and a permutation a £ Sk with the property that 
n a - 10) = n, for i G { 1 ,..., k} such that 

Gv-1 o (H' O H r A ))(X) = [Ait/i,..., Xfet/fe] X = (Ad,..., Afc) G B n (U). 

Hence, taking into account that H' A (H , A (X)) = X, we obtain Hi = p a o H>u 0 Hix, which completes the 
proof. □ 
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Corollary 3.7. Let F : B n (R) —> B m {TL) be a bounded free holomorphic function and a G B n (C). Then 

||* F(a) (ftX))|| < m B „(ft(X)) < ||M> a (X)|| 
for any X G B n (H), where m Bn is the Minkovski functional. 

Proof. Consider the automorphisms ft G Aut(B n ) and \ft(a) G Aut(B m ). Due to Theorem 12.41 and 
using the fact that ft(0) = a and ’ft^^fta)) = 0, we deduce that G := 'S'F(a) ° F o ft is a free 
holomorphic function from B n (ft) to B m (ft, and G(0) = 0. Applying Theorem 12.71 to G, we obtain 

ll’ft(a) ° F o ft(Y)|| < rn Bm (Y) < ||Y||, Y G B m (H). 

Setting Y = ft(Y) and using the fact that ft o ft = id , we complete the proof. □ 

In what follows, we present an analogue of Poincare result that the open unit ball of C n is not 
biholomorphic equivalent to the polydisk B ra , for noncommutative regular polyballs. 

Theorem 3.8. Let n = (ni ,..., ra*,) G N fc and m = (mi,..., m q ) G N 9 . Then 

if and only if k = q and there is a permutation a G Sk such that m a (p = ni for any i G {1,..., k}. 
Moreover, any free biholomorphic function F : B n (TL) —> B m (7ft is up to a permutation of (mi,..., mu) 
an automorphism of the noncommutative regular polyball B n . 

Proof. Let F : B n (R) —>• B m (ft) be a free biholomorphic function. Then its scalar representation 

/ : (C ni )i x ••• x (C nfc )i (C mi )i x x (C m ")i, 

defined by /(z) := F( z), z = {zij} G B n (C) = (C ni )i x • • • x (C nfc )i, is a scalar biholomorphic function. 
Using Browder’s invariance of domain theorem, we deduce that ni + • • ■ + = mi + • • • + m q . On 

the other hand, according to the classical result of Ligocka and Tsyganov (which is a generalization of 
Rudin’s characterization of the holomorphic automorphisms of the polydisc 125] ). we must have k = q 
and there is a permutation cr G ft such that = n* for any i G {1,..., k}. Using Proposition 13.11 

and Theorem 12.41 we deduce that p a o F G Aut(B n ), which completes the proof. □ 

Let A := (Ai,...,A„) G B„, A / 0, and let 0 a be the boundary function of the characteris¬ 
tic function with respect to the right creation operators ft,..., ft on the Fock space F 2 (H n ), i.e., 
0 a := SOT- lim r _j.i Q\(rRi ,..., rR n ). We recall from jTB], the following properties. 

(i) the map 0 a is a free holomorphic function on the open ball [B('H) n ] J , where 7 := 

(ii) 0A = ©A (Rl , . . • , R n ) = -A + Aa (l F i(H n ) - E”=l Eft )” 1 [-Rl. • • • , Rn]A X , ; 

(iii) 0 a is a pure row isometry with entries in the noncommutative disc algebra generated by ft,..., R n 
and the identity; 

(iv) rank (/ — 0 a©a) = 1 and 0 a is unitarily equivalent to [ft,..., ft]. 

We define the right creation operators Rjj acting on the Fock space F 2 (H ni ) and the ampliations Re¬ 
acting on the tensor product F 2 (H ni ) <g) • • • (g> F 2 (H nk ). 

Theorem 3.9. Let \F = (ft,..., ft) G Aut(B n (ft)), where n = (ni,..., 7 ifc) G N fc , and let \F = 
(ft,...,ft) be the boundary function with respect to the universal model S = {Sip}. The following 
statements hold. 

(i) ^ is a free holomorphic function on the regular polyball yB n for some 7 > 1. 

(ii) The boundary function \F with respect to S is a pure element in the polyball B n (®*_ 1 F 2 {H ni ))~ 
and \F := lim r _>i ftrS) = ftS). Each ft = (ftp,..., ft , ni ) is an isometry with entries in the 
noncommutative disk algebra generated by Sip,..., Si iTJi and the identity. 

(iii ) ^ is a homeomorphism o/B n (ft onto B n (R) . 
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(iv) If \I/ £ Aut(B n ('H)) and A = (Ai, Xk) = 'P 1 (0) , then the identity 



k / k \ 1 


k / k \ 1 

A^(x)(-0 = A a 

n e Xi dXi,j 1 

Ax(/) 



holds for any X = {Xij} £ Y$ a (fH)~, where A a = nf = i(l — 11A*11§). 

(v) The defect of the boundary function o/tP with respect to the universal model R = {R,;j} satisfies 
the relation 

r )(-0 = 

where K^-i( 0 ) is the noncommutative Berezin kernel at M/ —1 (0) £ B n (C). 

(vi) rank A^, = 1 and SI/ is unitarily equivalent to the universal model S. 


Proof. According to Theorem 13.61 if SI/ £ Aut(B n (%)) and A = (Ai,...,Afc) = SI/ _ 1 (0), then there are 
unique unitary operators U t £ B(C ni ), i £ {1,..., k}, and a unique permutation er £ Sk with n a ^ = n, 
such that 

’P = 2 V ° ®>u o \P A , 

where U := U\ ® • • • © Uk and \P A := (SI/ Al ,..., ® , Afc ). Since \P Ai := — 0 Ai is a free holonrorphic function 
on the open ball [B(fH) ni ] li , where 7 j := if A,; 7 ^ 0 and 7 , = 00 , otherwise, Poposition 13.11 part 

(iii) implies that SI/ A is a free holomorphic function on the regular polyball yBn for 7 := min{ 7 ,; : i £ 
(1,..., k}}. Using Theorem 12.41 and Proposition 13. II one can complete the proof of item (i). 

The first part of item (ii) follows from (i) and the continuity of the SI/ on 7 B n . On the other hand, 
due to the remarks preceding the theorem, we know that T A . := lim,—SI/ Ai (Si) = *P Ai (Si) is a pure row 
isometry with entries in the noncommutative disc algebra generated by S,,i,..., S,;, rl . and the identity, 
on the full Fock space F 2 (H ni ). If Ui £ B(C ni ) are unitary operators, it is clear that the components of 
the boundary function 

^iE^a = (*A X (s )U U (S )U k ) 

are isometries. On the other hand, set (£,,i,... , £,, ni ) ■= S iUi and note that each U.j is a linear com¬ 
bination of S^i, ■ • ■ Note that Y a eF+,H= P &,«C,a( e ia) = 0 f° r an y 0 £ ^ and P > \P\- Since 

EaeF+ ,|a|=E>c*&> < 1 , we deduce that 

lim Y fi.aftaX = 0, xeF 2 (H ni ), 

p—> OO z ' 

,|a| =p 

which proves that ®>u 0 SI/ A is a pure element in B n (®i_ 1 F 2 (R„ i )) _ . For any permutation a £ Sk with 
n c r (j) = Hi, the boundary function p G = (S (T ( 1 ),..., Shas the entries pure row isometries. Now, using 
Lemma [2711 we deduce that the boundary function of the composition \P = p a o <Pu o \P A satisfies the 
required properties of item (ii). 

According to the remarks preceding Theorem 13.61 each is a homeomorphism of [B(TL) ni }f and 
tE , A i (tI , Ai(Ai)) = Xi for any AQ £ [B(H) ni ]f. This implies that 


¥a(*a(X))=X, X£B 


which proves that /P A is a homeomorphism of B n (TL)~. According to Proposition l3.ll <P A and p a are also 
homeomorphisms of B n (TL)~. Since, due to Theorem 13.61 each \P £ Aut(B n ('H)) has the representation 
H/ = p a o $u o \P A , we conclude that IP is a homeomorphism of B n (TL)~, which proves item (iii). 

For each i £ {1 ,..., k}, let S',; = (Sj, 1 ,..., Sj, ni ) be the n^-tuple of left creation operators on the full 
Fock space F 2 (H ni ). According to the remarks preceding Theorem 13.61 we have 

{id - ^a 4 (S<)) (^ 2 (ffn,)) 

= (! - 11 A* ||i) ( If 2 (H ni ) - 


EE 

i=i 


Si- 


(id — $sj (lF 2 (H ni )) If 2 (h t 


*) “E A h 

4=1 


Q* 

J D i,j 
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Taking the tensor product of these relations when i G {1,..., A:}, and using the definition of the universal 
model S, we obtain 

(id - ^ Al (Si)) ° ''' ° fa- (I®* =1 F 2 {H ni )) 

k k ( rii 

= - iiA,n?)n ( = 1 F 2 (H n .)— y, Aj.jSj.j 

z=l i=l y j —1 

fc / ni 

x (id — dJsJ o ■■■ o (id — ‘hsfc) (-^®' t =1 F 2 (ff„ i )) I I®'- =1 F 2 (H ni ) ~ S*j 

i=i \ 1 j=i 




Note that both side of the relation above, as well as the factors involved, are in the noncommutative 
polyball algebra An- Applying the Berezin transform at any element X = (X lt ... ,Xk) G B n (H) _ , we 
obtain 




k / k \ 1 


k / k \ 1 

(3.6) 

A* a (X)(- 0 = A a 

11 Y; 1 

A x(I) 

nK-E^,] 

i=l \ 3=1 ) 


where A a = n^=i(1 — ||A*|||). Since each tl/ G Aut(B n (R)) has the representation \l> = p a o 3>u o \1> A , 
one can easily see that A^ X )(-0 = A^ a ( X )(- 7)> which shows that item (iv) holds. 

Now, we prove item (v). If A = (Ai,..., A*,) = SI/ _1 (0), the Berezin kernel K A : C H> <8>i=xF 2 (H ni ) is 
defined by 

Ka(1)= ^ A][ 2 \ {a) ®e {a) . 

(«)eF+ x---xF+ fe 

It is easy to see that K A (e( a )) = A^ 2 A( a ) and 

KaK a = K A (Af A (a) ) = Af A (a) Y, V) ® e (/3)‘ 

(«6F+x-xF+ t 


On the other hand, relation (13.61) written for the universal model R = {Rj.j} implies 



k 

f * _ \~ r 

A$(R)(f)(e( a )) = A a 

n 

In — Y, A.jRjJ 1 


i =1 

V J 


k 

( k - V 1 ’ 

= A a 

n 

In — Y, Ai.iRij I 


i =1 

V i=i J 


Pc 


li h 

i=l \ 3=1 


( e (a )) 


(A (q) ) = AfA (a) 


Y A(/3) ® ®(/3) • 

(/3)eF+x-xF+ 


Therefore, item (v) follows. The fact that rank A^, = 1 is a simple consequence of item (iv) or (v). 
Since the boundary function U' = (Ti,..., fllfc), with respect to the universal model S = {Sjj}, is a 
pure element in the polyball B n ((g)*_ 1 F 2 (H ni ))~ and each 'Jq = (T^i,..., is an isometry with 

entries in the noncommutative disk algebra generated by Sqi,..., S; >ni and the identity, we deduce that 
= (t&qi,..., 'I'i.ni) is a pure doubly commuting tuple of isometries with rank — 1. Now, using 
the Wold type decomposition for nondegenerate ^-representations of the C*-algebra C*(S) from [2Tj (see 
Corollary 7.3 and its consequences), we conclude that is unitarily equivalent to the universal model S. 
The proof is complete. □ 


Theorem 3.10. The map A : Aut(B n ) —> Aut((C rai )i x ■ ■ • x (C" fe )i) defined by 

A(¥)(z) := (B z [’$ r 1 ],... ,B z [# fc ]) z G (C ni )! x • • • x (C^, 

is a group isomorphism, where is the boundary function of = (\Bi,..., ’I'^) G Aut(B n ) with respect 
to the universal model S and B z is the noncommutative Berezin transform at z. 
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Proof. Fix A? = (4-1 ,...,$*) € Aut(B„) and A = {A^} = ^(O) G B n (C) = (C" 1 )! x ••• x (O)i. 
Then, due to Theorem 13.61 there are unique unitary operators Ui G B(C ni ), i G {1,..., k}, and a unique 
permutation er G Sk with n CT (q = nt such that 

(3.7) tF = p a o 4>u o vFa, 

where U := U\ © • • • ® Uk- According to Theorem 13.91 Each \Eq = (Tqi,..., is a pure row isometry 

with entries in the noncommutative disk algebra generated by Sqi,..., S ijrii and the identity. Note that 
if z = {zij} G B n (C) = (C ni )i x • • • x (C" fc )i, then the Berezin kernel K z : C —>• F 2 (H ni )< g>- • -®F 2 (H nk ) 
is an isometry and Zij = K z *S ly K z for i G {1,..., k} and j G {1,..., rii}. Hence, using the continuity 
of the noncommutative Berezin transform in the operator norm topology and relation (13.71) . we deduce 
that 

[A(¥)](z) : = (B z [$r],... ,B Z [¥*]) = (p a o A>u o * A )(z) 

for any z G B n (C). Due to J25J, 22, each automorphism of the scalar polyball (C ni )i x • • • x (C rafe )i 

has the form z i-» (p a o 4>u ° , ® , a)(z). Therefore, A(\F) G Aut(B n (C)), which proves the surjectivity of A. 
Moreover, we have [A(\F)](z) = Vt^z), z G B n (C), which clearly implies that A is a homomorphism. To 
prove injectivity of A, assume that A(\I/) = id, where <]> = p a o 4>u ° Using the calculations above, 
we have p a o 4?u ° , ® , a(z) = z for any z G B n (C). Hence, one can easily deduce that A = 0, U = —I, and 
a = id , which implies if = id. Therefore, A is a group isomorphism. This completes the proof. □ 

4. Automorphisms of Cuntz-Toeplitz algebras 

In this section, we determine the group of automorphisms of the Cuntz-Toeplitz C'*-algebra C*(S) 
which leaves invariant the noncommutative polyball algebra A n , and the group of unitarily imple¬ 
mented automorphisms of the noncommutative polyball algebra A n (resp. Hardy algebra F“)). As 
a consequence, we obtain a concrete description for the group of automorphisms of the tensor product 
T ni <8> • • -®Tn k of Cuntz-Toeplitz algebras which leave invariant the tensor product A ni • • ■ ® m in A Uk 
of noncommutative disc algebras, which extends Voiculescu’s result when k = 1. 

Proposition 4.1. A free holomorphic function F : B n (7t) —> B n (fH)~ has a continuous extension (also 
denoted by F) to the closed polyball B n (7t) _ if and only if the boundary function F has the entries in 
the noncommutative polyball algebra «4. n and F G B n (®\_ l F 2 (H rii ))~. Moreover, the noncommutative 
Berezin transform has the property that 

B FOq [g]=B^\Bp[g\] 

for any~K. G B and g G C*(S). If, in addition, F is apure element of the polyball’B n (® l ( =1 F 2 (H ni ))-, 

then the same relation holds for any pure element X G B n ((H)~ and g G F“. 

Proof. The first part of the proposition follows from [21] (Corollary 4.3). To prove the second part, let F = 
(Fi ,..., Ffc), with Fi = (Fjp,..., F^ ni ). Note that the boundary function F = (Fi,..., Ffc), with F) = 
(Fqi,..., Fq ni ), is an element of the polyball B n ((gi-L 1 F 2 (F„ i )) _ and the entries F)j := lim r _>i Fjj(rS) 
are in the noncommutative polyball algebra «4. n . Let X G B n (7t) _ and set A := (Ai,...,Afc), with 
A,; = (Aqi,..., Aq„ ( ), where 

Ai,j ■= -Fjy(X) = Bx.[Fi,j\ ■= lim B r x[Fi,j\- 

r—t 1 

We recall that the noncommutative Berezin transform 23x : C*(S) —> B(H), which is defined by Bx(/) := 
lim r ->i B rX [<?], is a completely contractive linear map such that 

Bx[/5*]=Bx[/]Bx[ff]*, /,JGA», 

and the restriction Bx U„ is a unital contractive homomorphism from A n to B{(H). Now, note that 
A( a ) = F (q) (X) = B x [F( a )] and 

B x [B # [S (a) Sfo] = B x [F {a) Ffo\ = Bx[F (a) ]Bx[F^] 

= F (a) (X)F w (X)* = A (q) A* / 3) = B F( x)[S (a) S^] 
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for any (a), (/3) G F+ x • • • x F+, . Since the linear span of the monomials S( Q )®(/3) is dense in the C*- 
algebra (7*(S) and the Berezin transform is continuous in the operator norm topology, we deduce that 
Bp\g\ is in C*(S) for any g G C*(S), and B f ( X )[s] = B x [Bp[g}} for any X G B n (H)~ and g G C*(S). 

Now, we assume, in addition, that F is a pure element of the polyball B n Let/GF“ 

have the Fourier representation a (a)S(a) and set 

OO 

fr( S )=X] E ? ’ 9a («)S( a ), r G [0,1), 

9=0 (qi)£F+ X --XF+ 

where the convergence is in the operator norm topology. Since F(X) is pure for any pure element 
X G , we can use the F^-functional calculus for pure elements in the regular polyball to deduce 

that 

OO 

0F(X) [/] = SOT- lim S rF(X ) [/] = SOT- lim £ £ r 9 a( a )F( a )(X). 

Q—0 ( Q! )eF^ 1 X---XFE 

|a 1 l + - + l« fc l = « 

On the other hand, since the boundary function F = (Fl,..., F n ) is a pure element in the polyball, we 
have 

OO 

Bp[f}= SOT- lim Bp[f r ] = SOT- lim ^ ^ r«o (a) F (a) . 

Q—0 (q^fE X---XF+ 

Iail + -+I« fc l4 

Now, since X is pure, the Berezin transform Sx : F“ —>• B(H) is SOT-continuous on bounded sets, 
and it coincides with the F“-functional calculus. Hence, using the calculations above and the fact that 
®x[F( a )] = F( a )(X) for any (a) G F+ t x • • • x F+, , we deduce that 

OO 

E E r q a (a) F {ct) 

9=0 (cOei-^ x--xF+ fc 

l°=l l-f-H Q fe I =< 3 

= S0T -1™ E E ^a {a) F la) = B f(x) [/] 

Q —0 (ct)€Fi 1 X---XF+ fc 

l Q i H-1=*? 

for any / G F^ 3 . This completes the proof. □ 

A consequence of Proposition 14.11 is the following. 

Corollary 4.2. //'h,$ G Aut(B n ), then = {B^B^)[g] for any g in the Cuntz-Toeplitz algebra 

C*( S), oranyge F~. 

Proof. Note that f o $ = ($ o <1>)(S) = 4'($). Taking X = <4> in Proposition 14. II the result follows. □ 

Theorem 4.3. Let T = {T LJ } G B n {B)~ and let S = {S,.j} G B n (®i=iF 2 be the universal 

model of the regular polyball. Then T is unitarily equivalent to S ® Ik, where 1C is a Hilbert space, if 
and only if dimPx = dim/C, where V t = At (I)(H), and the noncommutative Berezin kernel Kx is a 
unitary operator. Moreover, in this case, 

T itj = Kx(S,;j 0 7d t )K t = K^(J 0 W0(Sij 0 I K ){1 0 ^*)K T 
for any i G {1,..., k} and j G {1,..., n*}, where W : K. —>■ T>t is a unitary operator. 

Proof. First, we assume that T is unitarily equivalent to S 0 Ik. := {Sjj 0 Ik}, he., there is a unitary 
operator U : ( 0 X 1 F 2 (H ni )) 0 1C —> H such that 

Ti,j = U(Sij ®Ik)U*, 


Bx[Bp[f}] = SOT- limSx 

r—¥ 1 


i G k},j G {1, • • ■, Hi}. 
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We show that the noncommutative Berezin kernel K t satisfies the relation 

K t = (7 ® W)U*, 

where W : K, —> V t is a unitary operator. Indeed, note that At(7) = U As®i k (I)U* = U{Pc®k)U*. 
and At(I ) 1 ^ 2 = UA.s®i k (I) 1 / 2 !/*. Consequently, we have dimA T (7)(77) = dim/C and [/(10/C) = 
At( 7)(77). Using the definition of the noncommutative Berezin kernel, we deduce that 


K t h := ^ 

*/3i ® • ' 
..,fc 

'' ® e pk ® A t (7) 1 // 2 T 1 * /3i • • • Tf g k h 

= E 

e k®" 

..,k 

■ • ® e k Ph 0 t/A s ^(7) 1 / 2 C/*C/(St A • • • S£ >/3fe ® I K )U*h 

= E 

e\ ® •' 

..,fc 

■ • ® 4 0 C7(flc®/c)(Sl ij9l • • • Sl^ ® I K )U*h 


Consider the unitary operator W : K. -A V t defined by Wy := U(1 0 y), y G 1C. For any vector 
g = 0 • • • <8> (g> y^) in (®i = 1 7' , 2 (77 ni )) 0 /C, the computations above imply 

K T Ug= J2 

/3>€F+ ,j=l,...,fc 

= E e h ®Wy {f}) = (7®IF)y. 

Hence, Kt = (7 0 VF)t/* is a unitary operator. On the other hand, we have 

S;,j ® 7 Pt = (7 0 IU)(S M ® I K )(I ® IF*) 

for any i G {1,.. ., k} and j G {1,..., rii}. Due to the properties of the noncommutative Berezin kernel, 
we have Kt^ = (S* • 0 7d t )Kt. Since Kt is a unitary operator, we deduce that 

T id = Kt(7 0 WXSij 0 I K )(10 W*)K t . 

Conversely, if the noncommutative Berezin kernel Kt is a unitary operator, then, due to the fact that 
T is a pure element in B n ("H) - and T i :i = K^,(Sj.j ® 7p T )Kt for any i G {1,..., k} and j G {1,, rij}, 
we complete the proof. □ 

Corollary 4.4. Let T = {Pj} G B n (77) _ and let S = {Sjj} € B n (®f = 1 F 2 (77 ni )) _ be the universal 
model of the regular polyball. Then T is unitarily equivalent to S if and only if dim 2 ?t = 1 and the 
noncommutative Berezin kernel Kt is a unitary operator. Moreover, in this case, the defect space T>t = 
Cuo for some vector vo G 77 with ||i>o|| = 1, and 

T id = K* T (S tJ ® 7x> t )K t = K* T WSijW*K T , i G {1,..., k}, j G {1,... ,n<}, 

where W : ®f = 1 F 2 (77 ni ) —> (®f = 1 F 2 (77 ni )) ® Cvo is the unitary operator defined by 

Wg:=g®v 0 , g G ®i = 1 F 2 (77 n J. 

We denote by Aut^. n (C*(S)) the group of automorphisms of the Cuntz-Toeplitz algebra C*(S) such 
that r(A n ) = ^In- 

Theorem 4.5. Any automorphism T of the Cuntz-Toeplitz C*-algebra C*(S) which leaves invariant the 
noncommutative polyball algebra A. n , i.e. T(A n ) = A. n , has the form 


T{g) := = K % [g ® I v . ]K£, g e C*{ S), 

where >k G Aut(B n ) and B^, is the noncommutative Berezin transform at the boundary function At. In 
this case, the noncommutative Berezin kernel K^ is a unitary operator and T is a unitary implemented 
automorphism ofC*( S). Moreover, we have 

AuU„(C*(S)) ~ Aut(B n ). 
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Proof. Let T £ AutA„(C*(S)), i.e., ’F is an automorphism of the Cuntz-Toeplitz algebra C*(S) such that 
r(«4n) = An- For each i £ {1,..., k} and j £ {1,...,«*}, set tfij := F(S i t j). If (pi := 
then, using the fact that T is a morphism of C*-algebras, we have 


and, similarly, 


(id-$&)(!) =r 



> o 


(id - $^) P1 O • ■ • O (id - ^ k ) Pk = r [(id - $ S J P1 O • • • O (id - $ Si ) Pfc (/)] > o 

for any pi £ {0,1}. On the other hand, if s, t £ s ^ t, then 


Ps,jPt,p — r(S s yS£,p) — r(S^pS s y) — Pt^pf^sp 

for any j £ {l,...,n s } and p £ {1 Consequently, the /c-tuple (p := (<p\, ■ ■ ■ ,(f>k) is in the 

closed regular polyball B n (^_ 1 F 2 (H. ni ))~. Now, using the noncommutative Berezin transform, we 
define tp,;j(X) := 'Bydfpi j\ for X £ B n (W), and remark that, due to Proposition Id. 11 the mapping 
<P ■ B n (H) -+B n (H)~ defined by p(X) := (^(X),..., p fc (X)) and ^(X) := (^ M (X),..., ^,„ 4 (X)) is 
a free holomorphic function on B n (%) which has a continuous extension to the closed polyball B n (T~t)~ ■ 
This extension is also denoted by ip. 

Now, note that r _ 1 (^4 n ) = A n . For each i £ {1,..., k} and j £ {1,..., n*}, let C,j : = r _ 1 (Sjj). As 
in the first part of the proof, one can show that the fc-tuple £ := (£i,..., £*,), with := ..., £q ni ), 

is in the closed regular polyball B n (<g)jL , 1 F 2 (H ni ))~. Using the noncommutative Berezin transform, we 
define £,j(X) := 2?x[£ij] for x £ B n (%), and using again Proposition Id. II we deduce that the map 
£ : B n (H) -»• B n (H)~ defined by ^(X) := (&(X),..., &(X)) and &(X) := (&,i (X),..., (X)) is a 

free holomorphic function on B n (%) which has a continuous extension to B n ("%)“, which is also denoted 

by A 

According to the results preceding Lemma 12.11 each C,j £ A n lias a unique formal Fourier type 
representation J2( a ) a («f ®(«) suc b that 

OO 

^=^\Y J2 r9a (af S («)’ 

Q —0 X---XF+ fc 

l^i H-H a fc 1=9 

where the limit is in the operator norm topology. Using the continuity of V in the norm topology, we 
deduce that 

OO OO 

Si,j = r (iij) = lim Y r?a (aj )r ( S («)) = ,1™ 55 55 l.ai • • • Pk,a k ■ 

9=0 (o)9+jX- 9=0 (oleF+jX-xf+j, 

<*iH-Hojtl=« l“iH-H«fcl=« 

Due to the the continuity in norm of the Berezin transform Sx, where X £ B„(%), we have 


x i,j = 6 x[S*,j] = lim Y 55 • • • PKot J 

9=0 (<*)£(■+., x---xrt k 
I Q 1 H-H a )el=9 

OO 

= 55 55 ( X ) • • • Pk,a k (X) 

9=0 WEF+X...XF+J 
l«ilH-H«*l=a 


= lim B ( x) 

r—>l 


oo 

r 9 «(aj )S («) 

9=0 (<x)£F+ X--XF+ 
i“iH-H«fcl=9 


B v(X) 



ki (v(X)) 


for any X £ B n (T~L), i £ {1,..., fc}, and j £ {1,..., rq}. Consequently, using the continuity in norm of tp 
and £ on the closed polyball B n (H)~, we deduce that (£ o p)(X) = X for any X £ B n(T~L)~■ Similarly, 
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one can prove that (p o £)(X) = X for any X £ B n ('H) . Therefore, p : B„(H) —> B„(%) is a 
homeomorphism such that p and p^ 1 = £ are free holomorphic functions on B n {H). 

The next step is to prove that <p(X) £ B n (B) for any X e B n (H). Indeed, due to Corollary 11.71 the 
scalar representations of p and £ are holomorphic functions on B n (C) with values in the closed polyball 
B n (C) _ . Applying the open mapping theorem from complex analysis to the scalar representations of p 
and £, we deduce that ^(B n (C)) = B n (C) and £(B n (C)) = B n (C). In particular, for each i £ {1,..., k}, 
Pi : B n (H) —¥ B(H) ni is a free holomorphic function with the properties: ||^i||oo = 1 and || 7 , i( 0 )|| < 1. 
Applying the maximum principle of Theorem 12.101 we conclude that ||<^’ i (X)|| < 1 for any X £ B n (H). 
Hence, and using Proposition 1.3 from [21], we deduce that p(X.) £ B n (H), which proves our assertion. 
Similarly, one proves that £(X) £ B n ("H) for any X £ B n (H). Therefore, p £ Aut(B n ). 

Now, we apply Theorem ld.Al and deduce that rank = 1 and p is unitarily equivalent to the universal 
model S. Combining this with Theorem 14.31 and Corollary 14.41 we deduce that the noncommutative 
Berezin transform K^ is a unitary operator and 

r(Sij) = p ld = Kt(S itj <al v ,)Kf = K*~WS id W*Kf, 

where W : ®\= 1 F 2 (H 7H ) —> (<g>k = 1 F 2 (H ni )) g> Czio is the unitary operator defined by 

Wg:=g®v 0 , g £ ®i =1 F 2 (H ni ), 

where Vg, = Cuo for some vector vo £ <8>i=iF 2 (H ni ) with ||wo|| = 1- Hence, we also have 

r{g) = K%(g®I V -)K^ g£C*( S). 

Conversely, assume that T : C*(S) —> C*( S) is defined by 
(4-1) T(g):=B^[g]:=K^[ggI v ,]Kl, g£C*( S), 

where T £ Aut(B n ) and Bg, is the Berezin transform at the boundary function T. As above, due to 
Theorem 13.91 Theorem 14.31 and Corollary 14.41 the noncommutative Berezin transform is a unitary 
operator and T is a unitarily implemented automorphism of C*(S). 

Now, note that each T £ Aut^ ai (C*(S)) corresponds to a unique T £ Aut(B n ) such that relation 
m holds. Indeed, if H>i, \P 2 € Aut(B n ) and Bg, i = B^, 2 , then which shows that 

= (^ 2 )i,j- Applying the Berezin transform at X £ B n (H), we obtain (tE , i)j,j(X) = (4 , 2)ij(X), 
which implies 'Ll = 

Define A : Aut_A n (C*(S)) —>• Aut(B n ) by setting A(T) = H/. As we have seen above, A is a bijection. 
Let Ti, T 2 £ Aut^. n (C'*(S)) and Ti, dD £ Aut(B n ) be such that A(Tj) = 'Lj, j = 1, 2. Using Proposition 
im and Corollary 14.21 we deduce that 

T^g))} = B^[T 2 (g)} = B^[B^[g}} 

= B* a( *)[ff] = = A- 1 (4/ 2 o HfJig) 

for any g £ C*(S). Hence, we obtain A(rir 2 ) = T 2 o Ti = A(r 2 ) o A(ri). The proof is complete. □ 

In 21], we proved that the C*-algebra C*{ S) is irreducible and contains the compact operators in 
B(®!? =1 F 2 (H ni )). Standard results in representation theory of C*-algebras (see e.g. SI]), imply that any 
automorphism of C*(S) is a unitarily implemented automorphism. Having this result at hand, we remark 
that an alternative proof of the fact that p £ Aut(B n ) in Theorem 14.51 can be obtained using some ideas 
from the proof of Theorem [53] and avoiding the use of the open mapping theorem from complex analysis. 

The Cuntz-Toeplitz algebra T n is the unique unital C*-algebra generated by n £ N isometries si,... ,s n 
satisfying relations s* Sj =<%1 and sis* + • • • + s n s* < 1. The noncommutative disc algebra A n (see 141, 
[IS]) is the unique non-self-adjoint closed algebra generated si,..., s n and the identity. We also recall [5] 
that the Cuntz algebra O n is uniquely defined as the C*-algebra generated by n > 2 isometries satisfying 
relations a*<jj = S d 1 and o\o\ +• • • + cr„(T* =1. In [5], Cuntz showed that if 7C C T n denotes the algebra 
of compact operators, then 


0 7C -> T n -t O n ->• 0 
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is a short exact sequence of C*-algebras. Since the Cuntz algebra O n and the algebra of compact operators 
7C are nuclear nuclear, so is the Cuntz-Toeplitz algebra T n ■ This implies that the tensor products of C*- 
algebras T ni <g- ■ -®T nk and O ni (g- ■ -(g O nk have a unique C*-norm. The C*-algebra C*(S) generated by 
the universal model S = {Sj. ,■} is *-isomorphic to T ni <g • • • <g T nk (see [16]). According to the definition 
of the min norm on tensor products of operator algebras El and since A ni can be seen as a subalgebra 
of T ni (see iRj), we also have that A n ~ A ni <g min • • • <8> m m A nk . 

Using the short exact sequence obtained by Cuntz [5j, one can deduce that there is a a surjective 
^-representation % : C*(S) —> O ni (g • • • <g O nk such that x(Sjj) = a t j, where 

(T-i.j \= I (g • • • (g I <g g-jj <g I (g • ■ • 0 I , 
i — 1 times k — i times 

for i G (1,..., k} and j € {1,..., rq}, where {cr^j }"hj is a set of generators of the Cuntz algebra O ni . 
We also remark (see [R]) that the closed non-seladjoint algebra Alg{l,af) generated by }^=i an d 
the identity is completely isometric isomorphic to the noncommutative disc algebra A ni . Consequently, 
one can see — A.n k ®uiin * * * ®min A.ji k as a subalgebra of (g * * * (g On k . 

Corollary 4.6. Let n = (m,.. -Uk) S N fe . Each holomorphic automorphism of the regular polyball B n 
induces an automorphism of the C*-algebra O ni (g • • • (g O nk which leaves invariant the non-self-adjoint 
subalgebra A ni ® min ■ ■ ■ 0 min A nk . 


5. Automorphisms of the polyball algebra A(B n ) and the Hardy algebra H°°( B n ) 

In this section, we determine the group of unitarily implemented automorphisms of the noncommuta¬ 
tive polyball algebra A n and Hardy algebra F“ and show that they are isomorphic to the group Aut(B n ). 
We also present the corresponding results for the Hardy algebra of all bounded free holomorphic functions 
on the regular polyball H°°( B n ) and the polyball algebra A(B n ). 

Proposition 5.1. Let f : B m {hi) —>• B(H) and g : B n {TL) —> B m (H) be free holomorphic functions. 
Then the following statements hold. 

(i) If f and g have continuous extensions to the closed polyballs B m (TL)~ and B n (7t) _ , respectively, 
then f o g g A(B n ). 

(ii) If f € H°°{ B m ) then fog £ H°°( B n ) and \\f ° g\\oe < ||/||oo- 

(iii) If f e and g = (gi,... ,g m ) is a pure element of the polyball B m (<gjL 1 F 2 (H rH )) with 

entries gj G A n , then (/ o g)(X) = B x [®g[/]] for X G B n (H). 

Proof. Using Theorem l2.4l part (i) and (ii) are obvious. Since rangeg C B m (%), Proposition E21 implies 
g{rS) G B m ((gjL 1 F 2 (ff rl J), r G [0,1), where S is the universal model of B n . Since / o g G H°°( B n ) its 
boundary function fog exists and 

(5.1) J7~g = SOT- lim /(ff(rS)). 

r—>• 1 

According to the second part of Proposition 14.11 we have 

(5-2) f(g(rS)) = B g{rS) [f) = B rS [B g [f]\. 

Due to Theorem 3.5 and Lemma 3.3 from [2T], if 4' G F“, then ip = SOT-lim r _>.i B r s[ip]. Applying 
this result to B§[f] G F“ and using relations (15.11) and (15.21) . we deduce that fog = Bg[f]. Since 
(/ o g)(X) = Bx[/ ° g\ for X G B n (TL), we complete the proof. □ 

Corollary 5.2. Let f G Hol( B n ) and G Aut( B n ). Then the following statements hold. 

(i) / o G A(B n ) for any f G A(B n ). 

(ii) /ofe iJ°°(B n ) for any f G H°°( B n ). 

(hi) If f G H°°{ B n ), then \\f o = \\f\\oo and 

(/oT)(X) = S x [*%[/]], XGB n (H). 
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We remark that there are operator-valued coefficient versions of the previous two results and the proofs 
are similar. 

Theorem 5.3. Any unitarily implemented automorphism of the noncommutative polyball algebra A n is 
the Berezin transform of a boundary function where 4/ G Aut(B n ). Moreover, we have 

Aut„(Ai) - Aut(B n ). 

Proof. First, assume that 4i G Aut(B n ). Due to Theorem l4.51 the noncommutative Berezin transform By 
is a unitarily implemented automorphism of the Cuntz-Toeplitz algebra C*( S) such that By(A n ) = A n . 
Consequently, By\j± m is a unitarily implemented automorphism of the noncommutative polyball algebra 

A n - 

Now, we assume that T is a unitarily implemented automorphism of A n , he., there exists a unitary 
operator U G B(®l- = 1 F 2 (H ni )) such that r(Y) = U*YU for any Y G A n ■ As in the proof of Theorem 
14.51 we deduce that there is ’F G Aut(B n ) such that T = B ^,and Aut(B n ) ~ Aut u (A n )- The proof 
is complete. □ 


We remark that Theorem 14.51 and Theorem 15.31 reveal that each unitarily implemented automorphism 
of A n has a unique extension to an automorphism of the C'*-algebra C*(S). Moreover, the mappings 
B^, 4* are group isomorphisms, showing that 

AutJA n ) ~ AuU„(C*(S)) ~ Aut(B n ). 


If A : A(B n ) A(B n ) is an algebraic homomorphism, it induces a unique homomorphism A : A^i 
•An such that the diagram 


An 

B 

A(B n ) 


An 

13 

-> A(B n ) 


is commutative, i.e., KB = BA. The homomorphisms A and A uniquely determine each other by the 
formulas: 


(Af)(X) = B x [A(f)], f G A(B n ), X G B n ("H), and 
A(/) = A(7), / G An. 


We say that a unital completely contractive homomorphism A : A n —> A n has a completely contractive 
hereditary linear extension to C*( S) if the linear maps defined by 

1 t A(S (a) )A(S (/3) )*, (a), (J3) G F+ x • • • x F+, 

and 

S (a) Sfo ^ A- 1 (S (a) )A- 1 (S (/3) )*, (a), {fi) G F+ x ■ • ■ x F+ , 

are completely contractive. 

Theorem 5.4. Let A : A(B n ) —> A(B n ) be a unital algebraic automorphism. Then the following state¬ 
ments are equivalent. 

(i) A is a unitarily implemented automorphism of An- 

(ii) There is p G Aut(B n ) such that 

A(f) = fo<p, /GA(B n ). 

(iii) A is a completely contractive automorphism of A n with completely contractive hereditary linear 
extension to C*(S). 

(iv) A is continuous and {A(Sjj)} and {A -1 (Sij)} are in the polyball B n (®i = iF 2 (H n .))~ , where 
S = {S^} is the universal model of the regular polyball B n . 
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Proof. Assume that (i) holds. According to Theorem 15. 31 there is ip £ Aut(B„) such that A = Bp 
Consequently, using Proposition 0T] we obtain 

A(/)(X) = Bx[A(/)] = B X [B*[/)]] 

= B v ( X )[/] = /MX)) = (/o V )(X) 

for any / £ A(B n ), therefore item (**) holds. Now, we prove that (ii) =>■ (in). Note that we have 

A (/) = A (f) = fAp = Bp(f] 

for any / £ A(B n ). Hence A = which is a completely contractive automorphism and Bq, is 

a completely contractive hereditary linear extension to C*(S) (see Theorem m • Let us prove that 
(Hi) => (iv). Assume that (in) holds. For each * £ {1,..., k} and j £ {1,..., m}, set <p>ij := A(S ij) £ 
A n - We need to show that <p := (<pi,..., with ..., (pi, ni ), is in the noncommutative polyball 
B n (®f = 1 F 2 (iL„ i ) _ . Since $ Si (J) < / and A is completely contractive, we deduce that $<^(1) < I for 
i £ (1,..., fc}. Let 1 < p < k and i\ < ■ ■ ■ < i p with *i,..., i p £ {1,..., k}. We have 

0 < (id - QsJ o ■ ■ ■ o (id - $ atp )(I) =I~ (-!) 91+ ' 9 fc+ 1 $ s il 

qj G{0,1}, qi~\ -|-< 7 p >0 


which is equivalent to 


E (_i ) 9 i +"^+ i $ Sii ...cf> Sip 

9jC{0,l}, qiH-|~9p>0 


< 1 . 


Since A has completely contractive hereditary linear extension, we deduce that 


(_1)®1+-+9H+1$^ < 1 . 

qj (={0,1}, (jiH-l-Qp^O 

Taking into account that the operator under the norm is self-adjoint, we deduce that 

E (-i) ,i+ ' " +9k+1 *'p tl <c 

qj G{0,1}, q±-\ - \-q p >0 


which is equivalent to 

(id - §cp H ) o ■ ■ ■ o (id, - <S>$i P )(I) > °- 

This shows that (p := (ip i, ..., ipk) is in the noncommutative polyball B n (<S>i = iF 2 (H ni )~ . Similarly, we 
can show that {A _ 1 (Sj j j)} is in the polyball B n (®i = iF 2 (Hm)) ■ Therefore, item (iv) holds. 

It remains to prove that (iv) => (i). Assume that A(S) := {A(S,; i;/ )} £ B n (<g>(L 1 F 2 (H rii ))~ . Due to 
the noncommutative von Neumann type inequality m , we have 


A(Pi,i(S)) 


Vi A A(S)) 


< [Pi,j(S)] T 


for any operator matrix [Pi,j(S)l £ J\. n ® M mxm ( C). Since A is continuous and A n is the norm 
closed self-adjoint algebra generated by {Sjj} and the identity, we deduce that A : A n —> A n is a 
completely contractive homomorphism. Similarly, using the fact that (A _ 1 (Sjj)} is in the polyball 
B n (®j = i F 2 (H ni ))~, one can prove that A -1 : A n —> A n is also a completely contractive homomorphism. 
Now, as in the proof of Theorem 14.51 one can show that A is a unitarily implemented automorphism of 
A n - This completes the proof. □ 


We remark that if A : A(B n ) —>• A(B n ) is a unital algebraic homomorphism and at least one of 
rii,... ,rik is greater than or equal 2, then A is automatically continuous. Indeed, assume that there is 
*o £ {1,..., k} such that rii 0 > 2 and A is not continuous in the operator norm. Then there is a sequence 
{dp}^Li °f elements in the polyball algebra A n such that A (g p ) > p and |[< 7 P || < M l+n for any p £ N, 
for some constant M > 1 with M > ||A _1 (Sjj)|| for any i £ {1,... ,fc} and j £ {1,... ,rn}. Note that 

2 )g p is convergent in norm and, consequently, it is in the polyball algebra 
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An- For each q £ N, we have A (g) = ]Cp=i S£S io , 2 A(gp) + A(£ g ) for some £9 e Ai- Since S io p 

and S ; 0j 2 are isometries with orthogonal ranges, we have S* o 2 (S* o l ) 9 A(g) = A (g q ) and, consequently, 
||A( 5 )|| > ||A(< 7 g )|| > q for q £ N, which is a contradiction. Therefore, A is continuous. 

Theorem 5.5. Any unitarily implemented automorphism of the noncommutative Hardy algebra F“ is 
the Berezin transform 3 ^ of a boundary function T, where £ Aut(B n ). Moreover, we have 

Aut„(F“) ~ Aut(B n ). 

Proof. Let £ Aut(B n ). According to Theorem 13.91 each >3>j = (T, !,...,'Fp„ i ) is a 

pure row isometry with entries in the noncommutative disk algebra generated by S^p,..., Sj >ni and the 
identity. Consider the Berezin transform 3 ^ : F^ 3 — > B(F 2 (H ni ) ® ® F 2 (H nk )) defined by 


B*[f] := K4,[/ < 




/6F= 


Due to Theorem 13.91 and Corollary 14.41 the noncommutative Berezin kernel K^, is a unitary operator. 
We recall that if / £ F“, then f r £ A , ||/ r || < ||/|| and SOT-lim r _p f r = f. Since B$[S( a )] = 
is in A n for any (a) £ F+ x x • • • x , and F“ is the WOT-closed non-selfadjoint algebra generate by 
{S(a)}( a )eF+ X-.-XF+ > we deduce that S >t ,[F^ 3 ] C F“. On the other hand, S —\ has similar properties 
and, due to Proposition l4.ll we have = / for any / £ F“. Therefore B^(F“) = F“ and 

3, j, is a unitarily implemented automorphism of F“ . 


Now, we assume that T is a unitarily implemented automorphism of F“, i.e., there exists a unitary 
operator U £ B(<g>!? =1 F 2 (H ni )) such that T(l r ) = U*YU for any Y £ F“. For each i £ {1,..., k} and 
j £ {1,... ,nj, set tfiij := T(S hj ) £ F“. Since 

(id - $ 01 ) P1 o ■ • • o (id - <5><p k ) Pk = U* [(id - $ Si ) Pl o • • • o (id - $ s4 )*”■(/)] U > 0 


for any p--, £ {0,1}, and 


— U (SsjSt^U — U(St,pS s j)U — Pt,p^Ps,j 

for s,t £ {l,...,jfe}, s ^ t, and any j £ {1, ...,n s }, p £ {1, ...,nt}, we deduce that the fc-tuple 
p := (p i,..., ipk) is in the closed regular polyball B n (<8>| =1 F 2 (7L„ i )) _ . On the other hand, each rq-tuple 
(pi := (ipip ,..., <Pi,m) is a row isometry with entries in the Hardy algebra F“, and 


$ p 

<p 


(I) = £ Mta = u* 

r+ ,M=P 


aeWZ 


E 

, | q - | =p 


Si. a S* 


u 


for any p £ N. Consequently, <& p ~. (I) —> 0 strongly as p —>■ oo. Setting 

p itj (X.) := 3^[p id \, X £ Bn('H), 

we deduce that the map p defined by <p(X) := (p i(X),... ,pk(X)) is a free holomorphic function on 
B n(di) with values in B n ('H) _ . If X £ B n (%), we can use the Berezin transform at X and obtain 


E ¥>i,a(XW(X)* = Kx I £ Pi^U ® In K x . 

aGF^ ,|a|=p \aeFitj ,|a|=P ) 

Since E ae F+ ,| Q |=p < 7 for any p £ N and E a eF+ ,| a |= P <Aa#i, a 0 strongly as p -n oo, we 

deduce that ]C a£F + | a |=p < ^ i . a (X)v 3 i,a(X)* —*■ 0 strongly as p —>• oo. Therefore, each pi(X) is a pure row 
contraction for any X £ B n ("H). In particular, Pi(0) = A j = (Ajp,..., Ap n J £ (C ni )^~. Hence, we deduce 


that 


( £ |Az,y| 2 = £ V J i,a(0)^,a(0)* 0, as J) ^ oo. 

\J =1 / aGF+,|a|=p 

This implies || A* ||2 < 1 and <^(0) = (0),..., 9?fc(0)) £ B n (C). Therefore, for each i £ {1, ...,&}, 

Pi : B n (%) —> B(H) ni is a free holomorphic function with the properties: ||y>i||oo = 1 and ||^i(0)|| < 1. 
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Applying Theorem l2.101 we conclude that ||y>i(X)|| < 1 for any X £ B n (H). Hence, and using Proposition 
1.3 from [21] . we deduce that <p(X) £ B n (T~L). 

Now, note that r _1 (F) = UYU* for any Y £ F“. For each i £ {l,...,fc} and j £ {1 , 
let := r-^S ij) £ F“. As in the first part of the proof, one can show that the fc-tuple £ := 
(fi, ■ ■ • ,Ck), with ii : = (Ci, l, • ■ -,Ci,m), is in the closed regular polyball B n (®f =1 -F 2 (#„,))“. Using the 
noncommutative Berezin transform, we define 

^•(X) := X e B n ("H), 

and using again Proposition 14.11 we deduce that the map £ defined by £(X) := (£i(X),... , £fc(X)) and 
£i(X) := (^(X),..., £i, ni (X)) is a free holomorphic function on B n (H). As above, one can prove that 
£(X) £ B n (TL) for any X £ B n (H). As in the proof of Theorem 14.51 we have (£°y>)(X) = (<^ 0 £)(X) = X 
for any X £ B n (?f), which shows <p £ Aut(B n ). Moreover, one can show that P|. 4 . n = Since A. n 

is u>*-dense in F“ and T and B^ are unitarily implemented (therefore wd-continuous), we deduce that 
T = Bp. The fact that Aut(B n ) ~ Aut„(F“) can be proved as in Theorem 14.51 The proof is complete. 

□ 


If A : iJ°°(B n ) -*• ff°°(B n ) is an algebraic homomorphism, it induces a unique homomorphism 
A : F“ —> F“ such that the diagram 


B 

H°°( B n ) 


H°°(B n ) 


is commutative, i.e., AS = BA. The homomorphisms A and A uniquely determine each other by the 
formulas: 

(A/)(X) = B*[A(/)], f£H°°(B n ),X£B n (H), and 

A(/) =Mf), f £ F“. 

Theorem 5.6. Let A : H°°( B n ) — * H°°( B n ) be a unital algebraic automorphism. Then the following 
statements are equivalent. 

(i) A is a unitarily implemented automorphism o/F“. 

(ii) There is <p £ Aut(B n ) such that 

A(/) = f °<P, / £ H°°(B n ). 

(iii) A is a WOT-continuous, completely contractive automorphism ofFff with completely contractive 
hereditary linear extension. 

(iv) A is norm-continuous and WOT-continuous such that {A(S,,j)} and {A -1 (S,;j)} are in the poly¬ 
ball B n (<g)*_ 1 F 2 (H ni ))~, where S = {Sjj} is the universal model of the regular polyball B n . 


Proof. The implications (i) =>■ (ii) => (iii) follow from Theorem 15.51 and Proposition 14.11 Now, 
assume that item (iii) holds. As in the proof of Theorem 15.41 (Implication (iii) =>■ (iv)), one can prove 
that {A(Sjj)} and {A _1 (Sj )i7 -)} are in the polyball B n (<g>£_ 1 F 2 (H ni ))~, hence, item (iv) holds. If we 
assume that (iv) holds, then, due to the continuity in norm of A, we deduce, according to Theorem 15.41 
that ip £ Aut(B n ) and A|^ n = B^|„ 4 n . Recall that ip is pure (see Theorem 13.91) and B$ is a unitarily 
implemented automorphism of F“. Since A. n is WOT-Aense in F“ and A and B^ are ITOT-continuous 
on F“, we deduce that A = B^. Therefore, item (*) holds. The proof is complete. □ 
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6. The automorphism group Aut( B n ) and unitary projective representations 

In this section, we prove that, under a natural topology, the free holomorphic automorphism group 
Aut(B„)) is a metrizable, cr-compact, locally compact group, and provide a concrete unitary projective 
representation of it in terms of noncommutative Berezin kernels associated with regular polyballs. 

According to Section 3, any $ £ Aut(B n ), it is uniformly continuous on B n ("H) _ . Using standard 
arguments, one can easily prove the following result. 

Lemma 6.1. Let <f>, T p; and T be in the automorphism group Aut(B n ), where m,p £ N. If —» $ 

and r p —> r uniformly on B „(%)“, then or ? ->$or uniformly on B n (%) - , as m,p —> oo. 

Let 4>, if £ Aut(B n ) and define 

:= 110- V’lloo + ||0 _1 (O) - V’ _1 (0)||. 

It is clear that is a metric on Aut(B n ). 

Lemma 6.2. Let 'F m = p a (m) o $U( m) o to £ N, and tF = o $u o \Fa be free holomor¬ 

phic automorphisms of the noncommutative polyball B n (TT) in standard form, where cr (m \(T £ Sk, with 
n c r (m) (i ) = n„(i) = Hi for i £ {1,, k}, 

U (m) = U[ m) © • • • © Ul m) and U = U x © • ••®t4 with £U(fC ni ), 

and 

= {\[ k) ,...,\[ k) ) and X = (Ai,...,A fc ) with A- fe) ,A,; G (C n< )i. 

Then the following statements are equivalent: 

(i) for each i £ {1,..., k}, U^ m ' > —> U in B(C Hi ) and A,| m ' ) —»• A,; in the Euclidean norm of C ni , and 
there is N € N such that a( m ' > = a for any m > N. 

(ii) p a (m) -*p a , ^u(m) -> <&u, and A ? A(m) -*• ’S'a uniformly on B n {TL)~. 

(iii in the metric d b„; 

Proof. First, we prove that (i) is equivalent to (ii). Assume that £/,- = [?4t ]n 4 xn 4) m G N, and 

Ui = [ustlmxrn are unitary matrices with scalar entries, and <Fui» —>• uniformly on B n (TL)~, as 
to —» <x). For each j = 1,..., m, denote E,j := [0,..., Eij ,..., 0], where Eij is on the i-position, and 
Eij = [0,0], where the identity is on the j-position. Note that 

||$ u(m) (E,j) - 4>u(Eij)|| = ^ |4 m) - Uij \ 2 j . 

Consequently, if $u(m) —>• <I?u, then, for each i £ {1,..., k }, we have u':"^ —> Uij as m —>• oo. Hence, 
U—> Ui in B(<C"‘). Conversely, assume that the latter condition holds. Since 

||$ u(m) (X)-$ u (X)|| <fc||X|| max ll^-Clill 

for any X £ B n (H)~, we deduce that $u(m) —> <Fu uniformly on B a (H)~. 

Now we prove that A^ m ' ) —> Aj in the Euclidean norm of C n ~ l if and only if \F A o) —> \Fa uniformly 
on B n ("H)~. Since \F A ( m )(0) = A^ m ' and \Fa( 0) = A, one implication is clear. To prove the converse, 
assume that, for each i £ {1,.. .,&}, A,| m ' ) —> A, in the Euclidean norm of C"*. Since the left creation 
operators S^i,..., Sj >ni are isometries with orthogonal ranges on the full Fock space F 2 (H ni ), we have 
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Consequently, converges to , as to —> oo, in the operator norm. 

Taking into account that 


If A. — A,; — A\ 


X A * 

j=i 




[Sj,!, ■ • •, Sj^JAa* 


and a similar relation holds for \I> (m), we deduce that —> \I> Ai in the operator norm. Due to the 

noncommutative von Neumann inequality HE!. we have 


||® A(m) (A) -* A (X) || 


< k max 

ie{i,...,k} 



- 


for any X £ B n (7d) . Hence, \& A (m) —> \& A uniformly on B n ("H) , which proves our assertion. 

If cr( m ) ^ a, then there is iq £ {1,..., fc} such that / cr(*o)- Hence 

IbaM -Pcrlloo > sup l|Ab(m)( io ) — ^cr(i o) II > sup || X a{io) || = 1. 

X=(X 1 ,..,X fc )6B „(«) X^ io) £[B(H) ni o]i 

Therefore, p a ( m ) —> p a as m —> oo if and only if there is N £ N such that a^ = a for any m > N. In 
conclusion, (i) is equivalent to (ii). 

Now, we prove that (iii) =>• (i). Assume that '4') —> 0 as k —> oo. Hence, \I f m —> SI/ uniformly 

on B n (%) _ and A (m ^ = 'F(„ 1 (0) —>• A = $ _1 (0) in P n (C). Consequently, as proved above, we have that 
’S'aC"*) uniformly on B n ("H) _ . Using Lemma RT7T1 and the fact that \I> m = p CT (m> o $u( m ) o \I> A ( m ), 

to £ N, and *& = p a o €>u o SI/ A , we deduce that 


(6.1) p CT (m) O 3> u(m) -> Per o $u, as TO -)• oo, 

uniformly on B n (H)~. Note that $ u(m) (X) = ... ,X k U^ m) ) and $u(X) = (X &,.. .,X k U k ) 

for any X = (Ad,..., X k ) £ B n (H). If ^ a, then there is io £ {1,..., k} such that a^(i 0 ) b cr (*o)- 
Consequently, we have 

\\P<j(™) ° ^U(”*) - Per ° ’S'ulloo > sup l| ^(m) ( io ) t/ CT (m) (j 0 ) - A' <T ( io )U <7 ( io ) II 

X=(Xi,..,X fe )£B„(W) 

— SUp ll^tr(io) ^cr(io) II 

x^em-n^o]! 

Hence, we deduce that relation (EH holds if and only if there is N £ N such that = a for any 
to > N, and 3>u(m) —> <&u uniformly on B„(%)“. Due to the equivalence of (i) with (ii), the latter 
convergence is equivalent to U- m ^ —> Ui in B( C n< ) for each i £ (1,..., k }. 

The implication (i) => (iii) is straightforward if one uses the equivalence of (i) with (ii) and Lemma 
EH The proof is complete. □ 


After these preliminaries, we can prove the following 

Theorem 6.3. The free holomorphic automorphism group Aut(B n ) is a a-compact, locally compact 
topological group with respect to the topology induced by the metric g?b„ ■ 


Proof. First, we prove that the map 

Aut(B„) x Aut(B„) 3($,r)4$ore Aut(Bn) 
is continuous when Aut(B n ) has the topology induced by the metric du n - For m,p £ N, let 


^rn = p a im) o $u(m) O \l> A ( m ) , \l> = Pc O $U O \I> A , 

r p = Puw ° 'hw(p) ° , r = p u o $ w o 

be free holomorphic automorphisms of B n , in standard decomposition. Then 

n (m) = u[m) 0 . . . 0 [/■("*) ? U = Ux ® • • • ® U k , 

W (p) = W (P) © ... © wj?\ W = Wi © ■ • • © w k , 
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where U- m \wj; p \Ui,Wi are unitary operators on C ni and ^ p \ A, p. are in P n (C) satisfying rela¬ 
tions 

A (m) = ^(O), /*W = r; 1 ^), A = ^(O), and M = T^O). 

Assume that ’4') —» 0 as m —>• oo and dB„(r p , T) —>• 0 as p —> oo. Using Lemma ITT721 we deduce 

that 'f , m or p ->$or uniformly on B n (%). Note that 

(^og-^o) = op-;, O ^)(o) 

= (^ M (p) o$ (W (p))* °P( u W)-i) (A (m) ). 

Similarly, we have 

(* ° r ) _ 1 (o) = ° ° p ^ ° * _ 1 )(o) 

= (^/i 0 $w* ° Pu- 1 ) (A). 

According to Lemma ITT~2l A (m ^ -A A in P n (C), —> Wi in B(C n ), P~} p ) —> Pui- 1 and M/ p (p) —t 

uniformly on B n ("H) _ . Consequently, ( 1 i' m o r p ) _1 (0) —> (\& o r) _1 (0) as m,p —> oo. Therefore, 
or p A$or in the topology induced by the metric dB„- 
In what follows, we show that the map ’4' H> \l/ 1 is continuous on Aut(B„) with the topology induced 
by dB„- Assume that ds^^m, '4') —> 0 as k —>• oo. Using the same notations as above, we have 

= ^A(“) ° $ (UM)* O^WJ-i and ’4'” 1 = ^ x ( m ) o <h (u(m)) , o p {a(m)) -i. 

Using Lemma 16.II and Lemma RT721 one can easily see that dB„(^'m 1 ,^Z -1 ) -A 0 as m —> oo. Therefore, 
Aut(B n ) is a topological group with respect to the topology induced by the metric dB„- 

On the other hand, each free holomorphic automorphism ’4' £ Aut(B n ) has a unique representation 
\I> = p a o $u o SI>x, where A := $- 1 (0) and U = Ui © ■ • • © U k with Ui £ U(fC ni ), the unitary group on 
C ni . This generates a bijection 

X : Aut(B n ) aEx U{ C” 1 ) x ■ • • x U{ <C” fc ) x P n (C), 
by setting x(^) := (o\ Ui, • • • , Uk , A), where E is the discrete subgroup 

E := {cr e S k '■ (u CT( i),.. .,n a ( k )) = (m,... ,n k )}. 

According to Lemma 16.21 the map x is a homeomorphism of topological spaces, where Aut(B n ) has the 
topology induced by the metric ds„ and U(C ni ) and P n (C) have the natural topology. Consequently, 
since E x U(C ni ) x • • • x W(C" fe ) x P n (C) is a a-compact, locally compact topological space, so is the 
automorphism group Aut(B n ). The proof is complete. □ 

Corollary 6.4. Let n = (m,..., n k ) £ and 

E := {a £ S k : (n CT(1) ,... ,n CT(fe) ) = (m,.. .,n k )}. 

The free holomorphic automorphism group Aut(B n ) has card(E) path connected components. 

Proof. We saw in the proof of Theorem 16.31 that the map 

X ■ Aut(B n ) -tEx U(C ni ) x • • • x U(C nk ) x (C Kl )i x • • • x (C nfe )i 

is a homeomorphism. Since U(C ni ) and (C ni )i are path connected and E has card(E) path connected 
components, the result follows. □ 

Let Aut(B n ) be the free holomorphic automorphism group of the noncommutative polyball B n and let 
U(JC) be the unitary group on the Hilbert space /C. According to Theorem 16.31 Aut(B n ) is a topological 
group with respect to the metric ds n - A map 7r : Aut(B n ) —> U(1C) is called (unitary) projective 
representation if the following conditions are satisfied: 

(i) 7r (id) = /, where id is the identity on B„(%); 

(ii) 7r(4>)7r(\l/) = o \1>), for any 4>, £ Aut(B n ), where C(^ is a complex number with 

l c (#.si>) I = 1) 

(iii) the map Aut(B n ) 9 $ i-x (n(<&)£, ij) £ C is continuous for each £,?? £ 1C. 
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Theorem 6.5. For each SI/ = (Shi, -.., Sl/fe) G Aut(B n ) with 4q = (SI/^i,..., SEq^J, there is a unitary 
operator Uqi £ B(F 2 (H ni ) <g> • • • C§> F 2 (F[ nk )) satisfying the relations 

Vij(S) = U^SijUn,, ie{ 1,.. • ,k},j G (1,..., rij}, 

and 

^.)C/vp 0 #i SI?, SI/ G Aut(B n ) 

/or some complex number £ T. Moreover, the map SI/ —> U^, is continuous from the uniform 

topology to the strong operator topology, and the map 

tt : Aut(B n ) —> B(F 2 (Fh ni ) <8> • • • <8> F 2 (H nk )) defined by 7r(SI ’) := Uq, 

is a projective representation of the automorphism group Aut(B n ). 


Proof. Let Sh = (SHi,..., SI/ n ) G Aut(B n ) and let SIS = (SI/i,..., SI/ n ) be its boundary function with 
respect to the universal model S. According to Theorem 13.91 SI/ is a pure element in the polyball 
B n (0^_i F 2 (F [ ni )) — and 'I', = (S&^i,..., SI/j iTli ) is an isometry with entries in the noncommutative disk 
algebra generated by S,,i,..., Si, nj and the identity. Moreover, rank A^ = 1 and Sh is unitarily equivalent 
to the universal model S. Combining these results with Theorem 14.31 and Corollary 14.41 we deduce that 
the noncommutative Berezin kernel is a unitary operator. Moreover, in this case, we have 

(6.2) Vu = Kl (Stj ® 7d_) K $ = Ki WSijW*K $ , i£{ 1,..., k}.j G (1,..., nj, 

where Wq, : ^i = \F 2 {H ni ) —4 (®i=iF 2 (H ni )) ® Cuo is the unitary operator defined by 

Wq,g := g ® u 0 , g G ®% =1 F 2 (H ni ), 

and the defect space V^ = Cvo for some vector vq £ ®i =1 F 2 (H ni ) with ||u 0 || = 1. 

According to Theorem 13.61 if SI/ G Aut(B n (H)) and A = (Ai,..., A; c ) = SI/ -1 (0), then there are unique 
unitary operators L/ G B(C ni ), i £ {1,... ,k}, and a unique permutation er G Sk with n a ^ = Hi such 
that 

SI/ = Pa O <I?U ° S&x, 

where U := Ui © • ■ • © Uk and SI/* := (4%,..., ^x k )- Moreover, we have 



k / k \ 1 


1 

?r 

?r 

1 

_ 1 

A $ (/) = A $x (J) = A a 

11 K E A ' s i 

i=i \ 4=1 ) 

Pc 

n 

*= 1 V 4=1 ) 


where Ax = nti(l — l|A,:||i). Hence we deduce that 

l|A $ (/) 1 / 2 (l )|| 2 = 


Ai /2 P C 


-1 


4=1 


i -1 


( 1 ) 


= Ax. 


Let vo := A a 1/,7 A^(/) 1 / 2 (1) G ®j =1 F 2 (H ni ) and note that ||uo|| = 1. Now, relation (16.21) becomes 

E = SE-ij(S) = UySijUq,, i £ {1 £ {1,..., rij}, 

where Uq, := W* K^,. If $ G Aut(B n ) with $ = ($i,..., $*) and <!>; = ($, 4 ,..., 4> ijrai ), then the 
relation above written for SI/ o $ shows that 

(6.3) (4 fi,j ° S&)(S) = (SI/ o &)i t j = Uq, 0 q,SijUq, 0 q>. 

On the other hand, due to Corollary 14.21 

%^[<?] = 

for any g in the Cuntz-Toeplitz algebra C*(S). In particular, when g = S ij, we obtain 

® ^)K^ = K| {[K1(S^ <8>i^)K $ ] <g> 1^} K$. 
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Hence, and using relation (16.311 . we deduce that 

(*,.j o $)(S) = (*7$)^ = UZUZSijUvU*, i G {1, ..., k}, j G {1, ..., n t }. 
Combining this relation with (16.31) . we deduce that 


U 90 *S itj Uv 0 * = U^SijUvU* 

which is equivalent to 

UvU*UZ> 0 *S id = S ijUvUvU^*. 

Since C*(S) is irreducible and is a unitary operator, we have ^1 for some 

complex number with | = 1. Hence, we deduce that U-^Uq, = for any 4>, 4/ G Aut(B n ). 


Let ^ (m) = (4'[ m) ,..., to G N, with 


(m) 


’J'i™]) and 'S' = (^i,..., 4- fc ), to G N, 


with 4q = (\I/i,..., v hi,»T.i) be free holomorplric automorphisms of the noncommutative polyball B„("%). 
Assume that 4/ (m ) -a 4/ in the uniform norm. Then, for each i G {!,..., A:} and j G n,}, 


4- 


(m) 


4b 


j ^ in the operator norm topology. 

Now consider the standard representations 4/ ( "^ = p a ( m ) o 4?u( m > o 4/ A ( m ) and 4/ = p a o 4?u o 4 >a- 
Since 4/^(0) = A^ and 4/(0) = A, we deduce that ||A^ m ^|| 2 —> ||A|| 2 as to — > 00 . Given e > 0 and 
X = E(a)6F+ 1 x-xF+ c a (a) e (a) G ^iF 2 (H ni ), let q G N be such that 

(6.4) 


I 3 - ^ ' a (ct) e (a) 

(a)£F + 1 X---XF+ fc 

l«ll + -|«fcl<9 


e 

< 4’ 


Since := W£ (m) K $(m) and W*( m) : <8>-Li F 2 (H ni ) -A {^>i =1 F 2 (H ni )) <g> £>£ {m) is the unitary 

operator defined by 

A-^A^^J) 1 / 2 ^), g G ®f =1 F 2 (ff ni ), 

we can use the properties of the noncommutative Berezin kernel to deduce that 

y ] a (a)Uq,( m )C(a) ^ ' a (a)K^ (m ) H vp(m) e( a ) 

(a)eF^ X-"XF+ fc (aJeF^ X ••• XF+ fc 

l«ll + -"l“fcl <9 l«il + -|o« fc |<* 

E ( e («) ® A A( 1 m / ) 2 A $(m) (/) 1 / 2 (l)) 

X-~XF+ fc 

l“ll+-l«fcl<« 

E a (a) [FW] w A-^ A$(m) (/)(l). 

(a)e f4 x X-XF+ fe 

A similar relation holds if we replace 4/^ m - ) with 4/. Since, for each i G {1,..., k} and j G (1,..., rii}, 
4>-™^ -A 4/jj in the operator norm topology, and ||A (m ^|| 2 —> ||A|| 2 as to —/ 00 , there is AC G N such that 


(6.5) 


E 

(a)GF + 1 X---xF+ fc 

I“1 l + '"l“fcl<9 


^(a) £Aj>(m) ^(a) 


^ ^ ^(ck) 

(o)6F+X...XF+ fc 

l«iH—-|a fc |<9 


e 


< 


for all q > N. Using relations (IQ) . (ED and the fact that U-q,( m ) and Uq, are unitary operators, one can 
easily deduce that 


\\U^ (m) x - U^x\\ < e 


for any q > N. Therefore the map 4/ -A U ^ is continuous from the uniform topology to the strong 
operator topology. 

To prove the last part of this theorem, note that if 4/( m -* -A 4/ in the metric c?b„, then 4/* m ' ) — > 4/ in 
the uniform norm and, using the first part of the theorem, we can complete the proof. □ 
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